Chapter 1

Introduction

Literature: Gortz-Wedhorn: Algebraic Geometry I and 11
The goal of this lecture is a brief introduction to the theory of group schemes.

Definition 1.1 (Group object). Let C be a category with finite products. A group object in C
is the data (G, m,e, i) where

e (G is an object of C

e m: G X G — G is the multiplication map
e ¢: 1 — G is the unit

e i: G — G is the inversion map

such that the following diagrams commute
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G is called commutative, if additionally the diagram

swap
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commutes.

A morphism of group objects (G, m,e,i) = (G',m’,e’,i') is a morphism f: G — G’ in C such
that the diagrams
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This defines the category Grp(C) of group objects in C.
Example 1.2. e Grp(Set) ~ Grp
e Grp(Grp) ~ Ab

e Grp(Ab) ~?
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e Grp(Top) ~ topological Groups
e Grp(M fd) ~ Lie Groups

Definition 1.3 (group scheme). Let S be a scheme. An S-group scheme or an S-group is a
group object in the category of schemes over S.

Remark 1.4. Let S be a scheme. The structure of a group scheme over S on a S-scheme G is
equivalent to a factorisation of the functor of points

Schg —— Set

e

Grp

via the forgetful functor from groups to sets.
Example 1.5. Let S be a scheme.
(i) Let I" be a group. Then G =I's where G(T') := { locally constant maps 7' — I" }
(ii) (additive group) G, s where G, s(T) = Or(T). We have G, s ~ A},
(iii) (multiplicative group) G, s where G,, s(T) == Op(T)*.

(iv) (roots of unity) pn.s (n > 1) where p, s(T) = {z € Op(T)* | 2™ = 1}.

)
)
)
(v) S = Spec(R). GL, p = Spec(A) where A = R[Ti; | 1 < i,j < n][det™"] where det =
> oes, 580(0)T15(1)  *  Tho(n)- We obtain GL,, s by base changing GLy, z.

Lemma 1.6. Let G be a S-group. Then G — S is separated if and only if S = G is a closed
1MMErsion.

Definition 1.7. Let R be a ring. A (commutative) Hopf-Algebra over R is a group object in
Alg®, where Alg, = CRingp.

Remark 1.8. For a R-Hopf-Algebra A, we denote the canonical maps by
o u: A— A®p A (Comultiplication)
e ¢: A— R (Counit)
e 1: A— A (Antipode)
A Hopf-Algebra is called cocommutative, if the associated group object in Alg}) kommutativ ist.

Remark 1.9. For a ring R, by construction we have an equivalence of categories between the
category of affine R-group schemes and the opposite category of R-Hopf-Algebras.

Example 1.10. The additive group G, r = Spec(R[t]) has
e comultiplication p: R[t] = R[t] Qg R[t],t —t®1 -1t
e counit e: R[t] = R,t— 0
e antipode ¢: R[t] — R[t],t — —t
Proof. For any R-algebra A we have G, r(A) = A and the diagram

Ga,R(A) X Ga,R(A) # Ga,R(A)

: §
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Homp(R[s1, s2], A) ——— Homp(R]t], A)



Definition 1.11. Let G be a S-group. A subgroupscheme of G is a subscheme H C G such that
1) for all T € Schg, we have H(T) C G(T) a subgroup,

2) We have commutative diagrams

HxgH — GxsG 25 G
/ and

H

G

7

A subgroup scheme H C G is normal if H(T) is a normal subgroup of G(T) for all T' € Schg.
For a morphism f: G — G’ of S-groups and a subgroup H' C G', let f~'(H') be G x|, H.
For H =15 @', we obtain the kernel of f and the cartesian square

T 4--- W

Ker(f) — G

L

S —— G
Remark 1.12. The kernel of a homomorphism f of S-groups is for any S-scheme T given by
Ker(f)(T) = ker (f(I).
In particular, the Ker(f) is normal.

Definition 1.13. Let G be a S-group, T' a S-scheme and g € G(T) = Homg(T, G). Define the
lefttranslation by g as
GT +—— T XT GT

|
ity lgxid
¥

GT o GT X7 GT

Remark 1.14. In the situation of 1.13, for every 7" ER T, the map
ty(T"): Gp(T") = G(T") — G(T") = Gr(T")
is the lefttranslation by the element f*(g) € G(1”).

Remark 1.15. Consider
G Xs 8,%’_}(9%@ Xs G

G

Let P be a property of morphisms stable under base change and composition with isomorphisms.
Then whenever G — S satisfies P, then m satisfies P.
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