Groupschemes

Christian Dahlhausen

Notes typed by
Christian Merten

WiSe 2023



Contents

1 Introduction
1.1 Useful statements on schemes . . . . . . . . . . . . . .. ... ... .
1.2 Regular Schemes over Fields . . . . . . . . . ... . ... ... ... ........



Chapter 1

Introduction

Literature: Gortz-Wedhorn: Algebraic Geometry I and II
The goal of this lecture is a brief introduction to the theory of group schemes.

Definition 1.1 (Group object). Let C be a category with finite products. A group object in C
is the data (G, m,e,i) where

e (G is an object of C
e m: G X G — G is the multiplication map
e ¢: 1 — @ is the unit
e i: G — G is the inversion map
such that the following diagrams commute

GxGxG ™Y axa GxG " @ BULLNYeINYe:

Jiaxem [mo ] / and T [m

m

GxG ———— G Gx1 11— 5 G

G is called commutative, if additionally the diagram

GxG % Gx@

m
m
G
commutes.

A morphism of group objects (G,m,e,i) = (G',m’,¢e’,i') is a morphism f: G — G’ in C such
that the diagrams

axa 2 o xo BEANYCT e QR ENYe7

Rz

¢ —1—a ¢ 1o

This defines the category Grp(C) of group objects in C.
Example 1.2. e Grp(Set) ~ Grp

e Grp(Grp) ~ Ab

e Grp(Ab) ~?
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e Grp(Top) ~ topological Groups
e Grp(M fdw) ~ Lie Groups

Definition 1.3 (group scheme). Let S be a scheme. An S-group scheme or an S-group is a
group object in the category of schemes over S.

Remark 1.4. Let S be a scheme. The structure of a group scheme over S on a S-scheme G is
equivalent to a factorisation of the functor of points

Schg —— Set

s
G;p
via the forgetful functor from groups to sets.
Example 1.5. Let S be a scheme.
(i) Let I" be a group. Then G =I's where G(T') = { locally constant maps 7' — I" }
(ii) (additive group) G, s where G, s(T) = Or(T). We have G, g ~ A}.

)
(iii) (multiplicative group) G, s where G,, s(T) == Op(T)*.
(iv) (roots of unity) pn s (n > 1) where p, s(T) = {z € Op(T)* | 2™ = 1}.
)

(v) S = Spec(R). GL, p = Spec(A) where A = R[Ti; | 1 < i,j < n][det™"] where det =
> oes, 580(0)T15(1) * + Tho(n)- We obtain GL,, s by base changing GLy, 7.

Lemma 1.6. Let G be a S-group. Then G — S is separated if and only if S < G is a closed
TMIMETSLON.

Definition 1.7. Let R be a ring. A (commutative) Hopf-Algebra over R is a group object in
Alg?, where Algp = CRingp.

Remark 1.8. For a R-Hopf-Algebra A, we denote the canonical maps by
o u: A— A®p A (Comultiplication)
e ¢: A — R (Counit)
e 1: A— A (Antipode)
A Hopf-Algebra is called cocommutative, if the associated group object in Alg}’ kommutativ ist.

Remark 1.9. For a ring R, by construction we have an equivalence of categories between the
category of affine R-group schemes and the opposite category of R-Hopf-Algebras.

Example 1.10. The additive group G, r = Spec(R[t]) has
e comultiplication p: R[t] = R[t] @r R[t],t —t®1 -1t
e counit e: R[t] = R,t— 0
e antipode ¢: R[t] — R[t],t — —t
Proof. For any R-algebra A we have G, r(A) = A and the diagram

Ga,R(A) X Ga,R(A) # Ga,R(A)

: §

5

Homp(R[s1, s2], A) ——— Homp(R]t], A)



1.1. USEFUL STATEMENTS ON SCHEMES )

Definition 1.11. Let G be a S-group. A subgroupscheme of G is a subscheme H C G such that
1) for all T € Schg, we have H(T') C G(T) a subgroup,

2) We have commutative diagrams

HxgH — GxsG 25 G
/ and

H

G

7

A subgroup scheme H C G is normal if H(T) is a normal subgroup of G(T) for all T € Schg.
For a morphism f: G — G’ of S-groups and a subgroup H' C G’, let f~'(H') be G x[; H.
For H =15 @', we obtain the kernel of f and the cartesian square

T 4--- W

Ker(f) — G

L

P e Vel

Remark 1.12. The kernel of a homomorphism f of S-groups is for any S-scheme T' given by
Ker(f)(T) = ker (f(T)) .

In particular, the Ker(f) is normal.

Definition 1.13. Let G be a S-group, T' a S-scheme and g € G(T') = Homg(T, G). Define the
lefttranslation by g as

GT ;TXTGT

|
ity lgxid
~

GT o GT X7 GT

Remark 1.14. In the situation of 1.13, for every T” ER T, the map
ty(T"): Gp(T") = G(T") — G(T") = Gr(T")
is the lefttranslation by the element f*(g) € G(1”).

Remark 1.15. Consider
G Xs 8,%’_}(9%@ Xs G

G

Let P be a property of morphisms stable under base change and composition with isomorphisms.
Then whenever G — S satisfies P, then m satisfies P.
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1.1 Useful statements on schemes

Let k be a field.

Definition 1.16. Let P be a property of schemes over fields. For a k-scheme X we say X is
geometrically P if for all field extensions K/k the base change Xx — Spec K is P.

Example 1.17. The R-scheme X = Spec (R[z]/(z? + 1)) is irreducible but not geometrically
irreducible.

Proposition 1.18. For a k-scheme X the following are equivalent:
(i) X is geometrically reduced
(ii) for every reduced k-scheme Y, the fibre product X X Y is reduced.

(iii) X is reduced and for every generic point n € X of an irreducible component of X, the field
extension k(n)/k is separable.

(iv) There exists a perfect field 2 and an extension Q/k such that Xq is reduced.

(v) For all finite and purely inseparable field extensions K/k, the base change Xy is reduced.

Proof. Reducedness is a local property, so without loss of generality X = Spec A. Moreover
we may assume that X itself is reduced. Let {n;},.; be the set of generic points of irreducible
components of X. Then we obtain an inclusion

A— H Kk(n;) -
i€l

[3

We claim that for any field extension L/k the ring A ®j L is reduced if and only if for all ¢ € T
the ring k(n;) ® L is reduced.

proof of the claim. (=): follows since forming the nilradical commutes with localisations. (<):
We have

AR, L — (H n(m)> Qr L — Hn(m) Qp L.
iel iel
O
The claim immediatly implies the equivalence of (iii), (iv), (v) and (1). Since (ii) trivially

implies (i). It remains to show that (iii) implies (2). Without loss of generality we may take
Y = Spec B and set {A;};ecs to be the generic points of Y. Then we obtain

AgpB— Aayp | [[r(N) | = (H n(m)) @ | []r) | < [1rm) @k ;)

jeJg iel jeJ i e

Corollary 1.19. If k is perfect, then reduced and geometrically reduced are equivalent.

Remark 1.20. The statements in 1.18 also hold when reduced is replaced by irreducible or
integral.

Proposition 1.21. Let f: X — Y be a morphism of schemes that is locally of finite presentation.
Then f is open if and only if for every point x € X and every point y' € Y with y = f(z) € {y'}
there exists ¢’ € X with x € {x'} such that f(z') =y'.
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Proof. Assume X = Spec B and Y = Spec A. (=): Then set

Z = Spec Ox 5 N ﬂ D(t).
teB\ps

Since f is open, y' € f(D(t)) for all t € B\ p,. Set f; == f|p(). Then fr ' (y') # 0. For sake of
contradiction suppose that 3 ¢ f(Z). Then set g: Spec Ox , = X . ¥. Therefore
0=g7"(y") = Spec (Ox@aK(y)).

Thus
0=0x,®ak(y) = colimyep\p, Bt ®a k(y')
20

which is a contradiction.

(«<): Show f(X) C Y is open. By Chevalley’s theorem ([?], 10.70), the image f(X) is
constructible. In the noetherian case use that open is equivalent to constructible and stable
under generalizations ([?], 10.17). In the general case write A as a colimit of noetherian rings
and conclude by careful general nonsense. O

Lemma 1.22. Let f: X —» Y be flat, z € X, y = f(x), ¥ € Y a generalization of y. Then
there exists a generalization ' of x such that f(z') =y'.

Proof. Set A = Oy, B= 0Ox, and ¢: A — B. Since y € im(f) we have myB # B and B is
faithfully flat A-module (since ¢ is local and flat). Thus

0# B®ary),
ie. f71(y') N Spec B # 0. O

Corollary 1.23. Let f: X — Y be flat and locally of finite presentation. Then f is universally
open.

Proof. From 1.21 and 1.22 follows that flat and locally of finite presentation implies open. Since
the former two properties are stable under base change, the result follows. O

Corollary 1.24. Let f: X — S be locally of finite presentation. If |S| is discrete, then every
morphism X — S is universally open.

Definition 1.25. Let f: X — Y. We say
(i) fis flat in x € X if f#: Oy pz) = Ox,, is flat.
(ii) f is flat if f is flat in every point.

Example 1.26. (1) X — Spec k is flat.
(2) AY - Y and P¥ — Y are flat.

(3) Let f: Z — Y be a closed immersion. Then f is flat and locally of finite presentation if
and only if f is an open immersion.

Proposition 1.27. The following holds
(i) Spec B — Spec A is flat if and only if A — B is flat.
(ii) Flatness is stable under base change and composition.

(11i) Flatness is local on the source and the target.
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(iv) Open immersions are flat.
(v) A morphism f: X —Y is flat if and only if for every y € Y the canonical morphism
X xy Spec(Ox ) — Spec(Oy,y)
1s flat.
Definition 1.28. A morphism f: X — Y is called faithfully flat if f is flat and surjective.
Example 1.29. Spec k — Spec k is faithfully flat.

Lemma 1.30. Let C be a category with equalizers, F: C — D a conservative (i.e. reflects
isomorphisms) functor that commutes with equalizers. Then F is faithful.

Proof. Left as an exercise to the reader. O
Proposition 1.31. Is f: X =Y faithfully flat, then f*: QCoh(Y) — QCoh(X) faithful.
Proof. Can be deduced from 1.30. The details are left to the reader. O

Remark 1.32 (Faithfully flat descent). The statement from 1.31 can be - from a carefully
selected viewpoint - viewn as the statement that the functor X +— QCoh(X) satisfies the sheaf
condition for faithfully flat and quasicompact morphisms, i.e. that the diagram

* pry
QCoh(Y) = QCoh(X) == QCoh(X xy X) ==  QCoh(X xy X xy X)
- corresponds to the cocycle condition
is a limit diagram.

Proposition 1.33 ([?], 14.53). Let f: X — Y be a S-morphism and g: S' — S faithfully flat
and quasicompact. Denote by f' = f xg S'. If f' is

(i) (locally) of finite type or (locally) of finite presentation,
(i) isomorphism / monomorphism,

(iii) open / closed / quasicompact immersion,

(iv) proper / affine / finite,

then f has the same property.

1.2 Regular Schemes over Fields

Remark 1.34. Coming from differential geometry, we have three notions of the tangent space
of a manifold M at a point x € M:

o I,M={a:(—¢,e) > M|e>0, a(0) =z} /change of charts
o T, M = Der(Op 4, R)
e T, M = Hom(m,/m2,R)

Remark 1.35. As a reminder: for a noetherian local ring (A, m) of dimension d, the following
are equivalent:

o gr (A) =X A/m[Ty,..., Ty,

o dimy y(m/m?) = d,
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e m has a generator set of d elements.

In this case, A is called regular.
A regular ring will always be an integral domain.

Definition 1.36. A locally noetherian scheme X is called regular in z € X if Ox , is a regular
noetherian local ring. Write

Xreg := {2 € X | X is regular in x} .

We call X regular if X,ee = X.
The tangent space of X in z is defined via

T, M := Hom,,,) (my/m2, k(x)).
Remark. If X is integral, then m, = 0 and thus 7;, X = 0.

Example 1.37. Let k be afield and f1,..., f € k[T1,...,Ty] polynomials. Set X = V(f1,...,f) C
A}. For x € A} (k) we have an isomorphism

n n — 89
E" = T,AL, (vi,...,0n) = (G Zvlﬁ(m))

The map k[Si1,...,S:] = k[T1,...,Ty], S; — T; induces morphisms f : A} — A} and df, :
T AL — Ty)Aj, which fits into the following diagram

T,AY Y25 Ty AT

F I

fr — I g,
Here J(f) denotes the Jacobian. Claim: T, X = ker(dfy).
Definition 1.38. Set k[e] = k[X]/(X?). For X/k and z € X (k) define X (k[¢]), as the pullback

X(kle])a —— X(k[e])

| |

Proposition 1.39. We have a bijection X (k[e]), =5 T, X which is functorial in (X, ).
Proof. Left as an exercise. O

Definition 1.40. Let f : X — Y be a morphism of schemes and d > 0. We call f smooth of
relative degree d in x € X if there exist neighbourhoods z € U C X open, f(z) € Spec(R) =
V C Y open affine as well as an n > 0 and polynomials f1,..., fn_q € R[T1,...,Ty,] such that

commutes and Jy, . ,(f) € My_gn(k(z)) is of full rank.
Call f smooth of relative degree d if this is the case everywhere.

1;"'afn—d))

Proposition 1.41 ([?],6.15).
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1. If f: X =Y is smooth in x € X, then f is smooth in an open neighbourhood of x.

2. Smoothness of relative dimension d is local on source and target. It is closed under base
change and composition (where in the latter degree is additive).

3. Open immersions are smooth of rel. dimension 0.

4. If f o g is smooth and g is unramified, then f is smooth.

Remark 1.42 (Relation to étale morphisms).
e ¢tale < flat, unramified and locally of finite presentation < smooth of rel. dim. 0.

e Let f: X — Y be of locally finite presentation. Then f is smooth of rel dim. d in x € X
if there exists a commutative diagram

étale d
reU AS

f(z) eV

Example 1.43. Let S be a scheme.
e The canonical morphisms A% — S and P§ — S are smooth of rel. dim. n.

e S = Spec(k), k C k, char(k) # 2, f € k[T], X = V(U? — f(T)) C A2 = Spec(K|[T,U]).
Then X is smooth iff f is separable.

e X = Spec(Z,[U,V]/(U* — V3 —p)) is regular, but X — Spec(Z,) is not smooth.

Lemma 1.44. Let X,Y be k-schemes and locally of finite type. Let x € X,y € Y be points and
¢:O0x 4 =N Oy,y an isomorphism of k-algebras.

Then there exist open neighbourhoodsx € U C X, y € V CY and an isomorphism f : U v
such that f(z) =y and f# = ¢~1.

Proposition 1.45. Let X/k be an integral scheme of finite type and dimension d, and let
K(X)/k be separable (to see what this is supposed to mean, have a look at the proof).
Then there exists an open and dense subset U C X and an isomorphism

U = Spec(k[T1,...,Ta,T]/(g9))

where g € k(T1,...,Tq)[T] is a separable irreducible monic polynomial with coefficients in k[T, ..., Ty.

Proof. Find Ty, ..., Ty € K(X) algebraically independent and such that

alg.& sep.
—

ks L:=k(Ty,...,Ty) K(X)

Write K (X) = L(«) and let g be the minimal polynomial of & over L. After suitable multliplications,
we can assume g € k[T4,...,T4)[T]. Then

Oxny=K(X)=K(E[T-1,...,T4[T]/(9)) = Oy,
and the proposition follows from Lemma 1.44. O

Proposition 1.46. Let () # X be geometrically reducible and locally of finite type over k.
Then X :={x € X | X — k is smooth in x} C X is open and dense.
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Proof. The openness was stated in Proposition 1.41. It suffices to show: for any irreducible
component Z of X there exists an () # U = Spec(A4) C X affine and open such that U C Z and
Usm = X¢m NU is dense in U.

X is locally noetherian, therefore X locally has only finitely many irreducible components.
Therefore, for U C Z open the set U \ |, (UNZ’) is open in X and wlog we can
assume X to be integral.

Using 1.45 and 1.18, we can assume X = gpec(k[Tl,...,Td,T}/(g)) with g separable and

g

irreducible. Because g is separable, we have 5% # 0. Since X is reduced, this implies that

Xm={zeX|Fe{l,... . d @}68—%(35) # 0} # () is non-empty and therefore dense. O

#Zirred. comp.
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