1 OVERVIEW 1

1 Overview

These notes mostly follow [Mat]. Some ideas are taken from [GMO3].
In the following, for a topological space X denote by Ab(X) the category of sheaves of abelian
groups on X. Furthermore, denote by DT (X) the bounded below derived category of Ab(X).

Definition 1.1 (Lower Shriek). Let f: X — Y be a continuous map of locally compact topo-
logical spaces. For F € Ab(X) and U CY open, let

H(F)U) ={s € F(f 1 (U)): supp(s) Lu proper}.

Lemma 1.2 (Lower shriek of sheaf is a sheaf). Let F € Ab(X) be a sheaf f: X — Y continuous.
Then fiF is a sheaf on Y.

Proof. Clearly, fiF is a sub-presheaf of the sheaf f.F. To show it is a sheaf, we need to verify
that gluing sections in fiF gives again a section in fi.F.

Let (U;)icr be a family of open sets in Y and s; € (fi.F)(U;) sections. Thus s; € F(f~1(U;))
such that supp(s;) ER U; is proper. Gluing yields a unique section s € F(f~1(U)). We need to
check that ;

supp(s) = | supp(si) = | Us

icl iel
is proper. For this note that (f|supp(s))_1 (U;) = f~1(U;) nsupp(s) = supp(s;) and being proper
is local on the target. O

The goal of this and the following talk is to prove the following theorem

Theorem 1.3 (Verdier duality). If X, Y are locally compact topological spaces of finite dimen-
sion, then R f, admits a right adjoint f': DT(Y) — D(X).

To show the existence of the derivative of fi, we need to introduce an adapted class of shaves.

Definition 1.4. Let X be a locally compact space, F € Ab(X) and Z C X a subset. Then
define
F(Z)=I(Z,F)=T(Z,i*F)

for i: Z — X the canonical inclusion.

Remark 1.5. If Z C X is a subset and i: Z — X the canonical inclusion, then

]:(Z) = {(Siin)ieI: U; C X open with Z C U U, s; € ]:(Uz) with (Sz)z = (SJ)ZVZ7j el,zeZNU; N Uj

icl

where (Ui,si)ie[ ~ (‘/j,tj)je] if and only if (Si)z = (tj)z foralli eI, jed and z € U; ﬂVj nZz.
For every open neighbourhood U of Z, we have a restriction map

FU) = F(Z),s+ slz =](s,U)].

This induces a map
colim F(U) — F(Z).
ZCU

Lemma 1.6. Let X be a locally compact Hausdorff space and F € Ab(X). If Z C X is compact,
the natural map

cglgulr]l FU) — F(2)

is an isomorphism.

-
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Proof. Injectivity: Let s € F(U) such that s|z = 0. Thus for all z € Z, s, = 0 and there exists
an open neighbourhood z € U, C U such that s|y, = 0. Thus 5|y, = 0. Since Z C |J,., U., s
is zero in the colimit.

Surjectivity: Take (s;,U;)ier € F(Z). Thus Z C |J,c; U; and by local compactness, for every
z € Z, there exists a compact neighbourhood z € K, such that K, C U, for some i, € I. Since
Z is compact, finitely many suffice, so we may assume Z C | J! ; K; and K; C U; C X. We now
want to define a section on a neighbourhood of Z that locally agrees with the s;.

By induction, we may assume n = 2. By definition, (s1), = (s2), for all z € ZNU; N Uy,
in particular s1|y,nu, and sa|u,nu, have the same restriction to K7 N K5. By the injectivity of
the restriction map, there exists an open neighbourhood Ky N Ky C V C U; N Uy, such that
s1lv = sa]v. Since K; \ V is closed in the compact K, for j = 1,2 the subset K; \ V is compact.
Since X is Hausdorff, there exist open neighbourhoods K; \ V' C U] C U; such that Ui N Uy = (.
Now s1|u7, 52|y, and si|y = sa|y glue to a section w on Uy UU; UV D K1 U K2 2 Z such that
wlz = [(8i, Ui)ier]- O

Definition 1.7. A sheaf 7 € Ab(X) is soft if F(X) — F(Z) is surjective whenever Z C X is
compact.

Remark 1.8. In [KS94] our notion of softness is called c¢-soft. For o-compact spaces the notions
agree according to Exercise I1.6 in [KS94].

Remark 1.9 (Flasque sheaves are soft). Recall that a sheaf F € Ab(X) is called flasque, if for
every open set U C X, the restriction map F(X) — F(U) is surjective. For Z C X compact, we
have a commutative diagram:

Thus F is soft.

Proposition 1.10. Let X be a locally compact topological space. If F € Ab(X) is soft, K C X
1s compact and K C U is an open neighbourhood, any section over K can be extended to a global
section with compact support contained in U.

Proof. Let s € F(K). By local compactness, there exists a compact neighbourhood L of K with
L CU. Then KNOL = (. Consider the section on K U JL given by s on K and zero on dL.
Since F is soft, this can be extended to a global section, and a fortiori to a section ¢ over L. Now
the sections given by ¢ on L and 0 on X \ L glue to a compactly supported extension of s. Since
L C U, its support is contained in U. O

1.1 Compactly supported cohomology
Let X be a topological space.

Remark 1.11 (Support). For F € Ab(X), U C X open and a section s € F(U), its support
supp(s) is defined as
{r eU: s, #0}.

This set is always closed, as its complement is open.

Definition 1.12. Let U C X be open and F € Ab(X). We define I'.(U, F) as the subgroup of
(U, F) consisting of sections with compact support.

Remark 1.13. If s,t € T'(U, F) have compact support, so does s 4+ t. Thus I'.(U, F) is indeed
a subgroup of I'(U, F).
Taking U = X, this defines a functor I'. = T.(X,-): Ab(X) — Ab
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Remark 1.14 (Lower shriek and compact support). Let f: X — {*} be the unique continuous
map from X to the one point space. Then f- =T'.(X, ")

Proposition 1.15. I'. is left exact.

Proof. Let 0 - F' — F — F" be an exact sequence in Ab(X). This induces a commutative
diagram
0 — I'X,F') — I'(X,F) —— (X, F")

J J J

0 — T(X,F) — T.(X,F) — T.(X,F")

where the first row is exact. Since the vertical arrows are inclusions, the injectivity of T'.(X, F') —
I'.(X,F) is immediate. Let now s € T'.(X, F) C I'(X, F) such that s becomes zero in T'.(X, F").
Thus by exactness of the first row, s € T'(X, F’). Since s € T'.(X, F), s is compactly supported,
so s € T (X, F'). O

Proposition 1.16. Let 0 = F' — F — F" — 0 be an ezact sequence in Ab(X). Suppose F' is
soft. Then the sequence 0 — L' (X,F') - To(X, F) = T(X,F") — 0 is also ezact.

Proof. By we only need to show surjectivity on the right.

Suppose first that X is compact and let s € T'.(X, F”) = ['(X, F"). Since F — F” — 0 is
exact, there exist a covering X = (J;.; U; and lifts ¢; € F(U;) of s|y,. By local compactness of
X, we may assume, after a possible refinement, that each U; contains a compact set V; whose
interiors still cover X. Since X is compact, we may assume [ is finite. To piece together the ¢;,
we may assume, by induction, that #I = 2.

Consider t1|y,nv, — t2|u,nu,- This is necessarily a section e’ of F/'(Uy NUs) as it maps to
zero in F"(Uy N Us). Restricting €’ to the compact V4 N V5 and extending it by softness, yields
a global section e of F'. Now

(talvy + elva)lvinve = talviavs + €'[vinv, = tilvinv,-

Thus ¢1|v,, t2]v, + €|y, glue to a global section ¢t of F with image s.

Now for general X: Let s € F”(X) with compact support Z. By local compactness, there
exists a compact neighbourhood Z’ C X of Z. Since pullback of sheaves is exact and restriction
of soft sheaves to closed subsets preserves softness, applying the result to Z’, yields a section
t' € F(Z') lifting s|z/. The restriction t'|9z maps to slgz = 0, so t'|9z € F'(0Z'). Since dZ’
is compact and F’ is soft, t'|gz/ extends to a global section b of 7'. Thus

(t" = blz)oz =t'|oz —t'loz = 0.

Sot' —b|z on Z' and 0 on X \ Z’ glue to a global section ¢ of F. Then t|z =t — b|z» maps to
8|z since b € F'(X). Since supp(t),supp(s) C Z’, t is a compactly supported lift of s. O

Corollary 1.17. If 0 —» F' — F — F"” — 0 is an ezxact sequence in Ab(X) and F', F are soft,
then F" is soft too.

Proof. Let Z C X be compact. Since restricting to a closed subset is exact and preserves softness,
by T'.(Z,F) = T(Z,F") is surjective. This yields a commutative diagram

I (X, F) — T(X,F")

l |

Ir.(zZ,F) ——T.(Z,F")

where the left vertical arrow is surjective, since F is soft. Since the composition is surjective,
T(X,F") = T.(Z,F") is also surjective. O
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Corollary 1.18. Soft sheaves are I'.-acyclic.

Proof. Let F € Ab(X) be soft and embed F in an injective sheaf Z. This yields an exact sequence

0 F 1z g 0.

Since Z is injective, in particular flasque, hence soft, by G is soft. We proceed by induction.
For ¢ = 1 consider the exact sequence

0 —= To(X,F) —= To(X,T) —— T(X,G) —— HNX,F) — HXX,T) .
=0

Since F is soft, I'.(X,7) — I'.(X,G) is surjective. By the exactness of the sequence, H} (X, F)
vanishes. Now assume H (X, F) = 0 for any soft sheaf F. Then the exact sequence

Hy(X,I) — H{(X,G) — HY(X,F) — H (X, I)
—— —_——

=0 =0

yields an isomorphism H:(X,G) ~ H*1(X, F) and since G is soft, the left hand side is zero by
induction hypothesis. O

Theorem 1.19. Let f: X — Y be a continuous map of locally compact topological spaces. If Y
is Hausdorff and F € Ab(X), then there is a natural isomorphism

(R AF)y = Hi(f ' (Y), Flrw)
for eachy €Y.

Proof. Denote by X, the fibre of f over y and by F the restriction to X,. Let y € Y. Since
Rif, is a derived functor, it is a universal d-functor. Since restriction of soft sheaves to closed
subspaces preserves softness, the d-functor F — H!(X,, F,) vanishes for soft sheaves and i > 0.
Thus it is effaceable and hence universal. Therefore it suffices to define a natural isomorphism
in degree 0.

Let y € U C Y open. Then consider the natural map

(f‘]:)(U) — Fc(Xy>]:y)
5+ 8|x, .

This is well-defined, since for any s € F(f~1(U)) with supp(s) Lu proper, we have

-1
supp(s|x, ) = supp(s) N Xy = (flsUupp@)) (¥)
and the right hand side is compact. This map induces a natural map
(fiF)y = colim (FF)U) — Le(Xy, Fy).
Injectivity: Let s € (fiF)(U) such that s|x, = 0. Thus s € F(f~'(U)) and supp(s) Lu

is proper. Since s|x, = 0, f~'(y) Nsupp(s) = X, Nsupp(s) = 0, in particular y & f(supp(s)).
)

Let y € U’ be the complement of f(supp(s)) in U. Since supp(s) L uis proper, f(supp(s)) is
closed in U, so U’ is open in U and hence in Y. Moreover

FTHU) nsupp(s) € fFHUY) N fTH(f(supp(s))) = f7HU' 0 f(supp(s))) = f7H(0) = 0.

Hence S|f*1(U’) = O, SO S|U/ = 0.
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Surjectivity: Suppose first F is soft and let s € I'c(X,, F,). Since F is soft, we may extend
s € F(X,) to a compactly supported s € F(X) = (f.F)(Y). Since Y is Hausdorff, every compact
K CY is closed and therefore its preimage under f|s,pp(s) is closed in the compact supp(s), thus
itself compact. Hence flq,pp(s): supp(s) — Y is proper and s € (f/i.F)(Y).

For arbitrary JF, there exists an exact sequence

0 F 7z J

with Z, J soft (e.g. injective). The functors (fi-), and I'c(X,, |x,) are left exact, so we have a
commuting diagram with exact rows:

0 ——— (f']:)y E— (f!I)y E— (f'j)v

l FooF

0 —— [o(Xy, Fy) — Te(Xy, Z,) — Te(Xy, Ty)

The five-lemma yields the desired isomorphism. O
Theorem 1.20. Consider a cartesian diagram of locally compact Hausdorff spaces:

Xxy 2z -1 x

b

z 1 Ly

Then there is a natural isomorphism, for any F* € DV (X),
FRpF* ~ Rp f* F°.

Proof. By the universal property of derived functors, it suffices to define a natural transformation
f*p — Rpif™*. By composing with the canonical natural transformation pjf™* — Rp;f’*, it
suffices to define the dotted arrow in the diagram below

By naturality, it is sufficient to define for G € Ab(X) a natural map f*pG — p{f*G. Since
f* 4 fs, this is equivalent to defining a natural map pG — f.pf"*G.

Again using f* - f/, the map ids~g induces a map G — f/f*G. Applying p, yields
p«G — pofLf*G. By the commutativity of the diagram we have p.f. = (pf')« = (f?')« = feDl,
so amap ¢: p.G — fupLf*G.

For U C Y open, this induces a map

pu: G HU) — (S (1))

Let now s € G(p~*(U)) such that supp(s) 2y U is proper. Since f”* preserves stalks, for
(x,2) € p1(U) xpy f~1(U) we have the following equivalences

(z,2) € supp(pu(s)) <= VU(8)(z,2) Z0 <= Spr(zz) #0 <= 5, #0 <= x € supp(s).

Thus supp(p (s)) = supp(s) Xy f~1(U). We therefore have the following commutative diagram:

supp(s) x f~H(U) — supp(s)

| |

iU ——— v
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By assumption the right vertical arrow is proper. Since properness is stable under (topological)
base change, the left vertical arrow is proper too. Hence supp(py(s)) 2, f~1(U) is proper and
pu(s) € PG (F1U)) = (fr f G (V).

Thus ¢ restricts to a natural map
ng — foif"6.

To check that this is an isomorphism, we can use the fact that both functors are way-out
functors in the sense of Section 7 in [Har66]. Thus we only need to check this for a single sheaf
F € Ab(X), i.e. we want to show

['RpF =5 Rl " F

for all 4 > 0. Again by universality of the d-functors involved, we may assume i = 0. Moreover,
we can check this at the level of stalks. Let z € Z. Then on the left hand side

(['2F)z = (0 F)pz) = I @) Flp-15ep) =Tl @01 2)), Flp-12y) (1)
On the right hand side, we have

W1 F) I ), (7 F)l 1) (2)
Flppr—1(zyy and (f"*F)|p-1(2) are given as the sheafification of the same presheaf, indeed:
colim (f*F)U) = colim colim  F(V)
p~1(2)CUCX Xy Z p~1(z)CUCXxyZ f/(U)CVCX
= colim F(V).
frp =1 (z)EveX
This shows ~ and concludes the proof. O

Proposition 1.21. Soft sheaves are fi-acyclic. In particular, if 0 — F — F — F" — 0 is
an ezact sequence in Ab(X) and F' is soft, then the sequence 0 — fiF — HF — HF' — 0 is
exact.

Proof. Let i > 0 and F € Ab(X) be soft. Then for y € Y

i 13l il p— [N
(R'AF)y = HUf (y), Flp-1()) =0,
since the restriction of a soft sheaf to a closed subset is soft. O

Example 1.22. Let U C X be open and j: U — X the inclusion map. By looking at stalks,
one finds that jF for F € Ab(U) is just extension by zero.

Proposition 1.23 (Lower shriek preserves softness). If f: X — Y is continuous and F € Ab(X)
is soft, then fiF is soft too.

Proof. Let Z C'Y be compact and s € (fi.F)(Z) ~ chll}rély(ﬁ}')(U). Then there exists an open

neighbourhood U of Z and an extension 3 € (fi.F)(U) C F(f~1(U)) with supp(3) Lu proper.
Since Y is locally compact, there exists a compact neighbourhood L C U of Z. Restricting s to

the compact K == (f|supp(s)) ! (L) C supp(3) and extending by softness of F, yields a compactly
supported global section t € F(X) = (f.F)(Y) such that ¢|z = s. Since supp(t) is compact and

Y is Hausdorff, supp(t) Lyis proper. O

Corollary 1.24 (Leray spectral sequence). Given maps f: X =Y, g: Y — Z of locally compact
Hausdorff spaces, there is a natural isomorphism R(g o f); ~ Rgi o Rfi.

Proof. Since soft sheaves are fi (and ¢1) acyclic and f; maps soft sheaves to soft sheaves, the
result follows from Proposition 5.4 in [Har66]. O
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