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0.1 Geometric Noether normalisation

Consider a plane algebraic curve C, defined by the equation f(z,y) = 0. If we fix = a, then the
polynomial equation f(a,y) = 0 has only finitely many solutions (at most deg, f). This means
that the map

C=V(f) = k(z,y)—zx

has finite fibres. A priori, such a map is not surjective, e.g. for f(z,y) = zy — 1. If k is
algebraically closed, one can always find such a surjective projection.

Theorem 0.1. Let k be an algebraically closed field and f € k[z1,...,x,) be a polynomial of
degree d > 1. Then there is a morphism of affine varieties

7 Ve (f) — k"1
such that:
(i) m is surjective
(i) fort € k"=, the fibre 7= 1({t}) C V(f) consists of at most d points.
Proof. Let f € k[zy,...,x,] be of degree d. We construct a change of variables of the form

(x; ¥ ;+a;%n)1<i<n—1 and x, — x,, such that the term of degree d of f(z1+a1zpn,...,Tn-1+
Ap_1Tn, Tn) becomes cxd with ¢ € k*. Since

flx1+ a1z, ..., Tpo1 + Gpo1Zp, Tn) = Z iy, (21 +a1w,) (T + gzl
(il,...,in)EN"
the coefficient of x¢ in the above equation is obtained by considering all (i1,...,1,) such that

i1+ ...+ i, = d, and keeping only the term in x,) when expanding (x; + ajxn)ij, so we get
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which is equal to fy4(ai,...,an—1,1), where f; is the (homogeneous) degree d part of f.
Claim: There exist ay,...,a,-1 € k such that fy(ai,...,an—1,1) # 0. Proof of claim by
induction: if n =1, f; = ca¢ for some ¢ # 0, so f4(1) = ¢ # 0. If n > 2, we can write

d
falz, ..., xn) = Z hi(xa, ..., xn)x
i=0
where h; € k[za, ..., x,] is homogeneous of degree d—i. Since fg # 0, there is at least one iy such
that h;, # 0. By induction, we can find (az,...,a,_1) € k"2 such that h;,(az2,...,a,_1,1) # 0.
But then f(-,as,...,a,-1,1) € k[z1] is a non zero polynomial, so it has only finitely many roots.
As k is infinite, there exists ay € k, such that f(aj,...,an—1,1) #0.

Then

ri—xtar, 1<i<n-—1
p:
Ty — Ty

is a invertible linear transformation k™ — k™, such that

(f o (p_l)(yla DR 7yn) = C(yg +91(y1, DR 7yn)yz_1 +... +gd(y1; .. 7yn71)

for ¢ # 0. This induces an isomorphism of affine varieties

V(f) = V(fop™)
z = ()



such that
V(f) —2= k" = k"1 x k
o knfl
defines the morphism 7 with the desired properties. Indeed: Let (z1,...,2,) € k™ and set

y; = ¢(x;). Then
(z1,...,2n) € V(f) iff 2, = y,, is a root of the polynomial

d
> g, gt
j=1

Therefore for all t = (y1,...,yn—1) € k"1, 77 1({t}) # 0 (because k = k) and 7~ !({t}) has at
most d points. O

Definition 0.2. Let f € k[z1,...,2z,] be a polynomial of degree d. As in the proof of 0.1,
ther exists a linear coordinate transformation ¢: k™ — k™, such that fo o= (y1,...,yn) =
cyd + ijl 9 (Y1, Yn—1)yd=I. For a point € 7 (y1,...,yn—1) C V(f), the multiplicity of
x is the multiplicity of y,, as a root of that polynomial.

A point with multiplicity > 2 are called ramification point and its image lies in the discriminant
locus of .

With this vocabulary, we can refine the statement of 0.1.

Definition 0.3 (Geometric Noether normalisation). Assume k = k. If f € k[zy,...,7,] is
polynomial of degree d, a morphism of affine varieties

7 Vi (f) = k"1
such that
(i)  is surjective

(ii) fort € k"~!, the number of elements in 7=1({t}), counted with their respective multiplicities,
is exactly d,

is called a geometric Noether normalisation.

Corollary 0.4 (Geometric Noether normalisation for hypersurfaces). Let k be an algebraically
closed field and f € klx1,...,2z,] be a polynomial of degree d > 1. Then there exists a geometric
Noether normalisation.

Example 0.5. Let f(x,y) = y*> — 2% € C[x,y]. Then the map
Ve (y? = 2%) = C(a,y) =y

is a geometric Noether normalisation, but (z,y) — « is not (the fibres of the latter have degree
2, while deg f = 3).

Remark 0.6. In the proof of 0.1, to construct ¢ and the g;, we only used that k is infinte. Thus
the statement, that for all f € k[z1,...,z,] there exists a linear automorphism ¢: k™ — k™ such
that

d
Foo - un) =clut+> g5y 1)y’
j=1

is valid over k if k is infinite. The resulting map

7 Vin (f) — k"1



0.1. GEOMETRIC NOETHER NORMALISATION 3

still has finite fibres, but it is no longer surjective in general, as the example f(z,y) = 2% +y?> -1
shows.
However, it induces a surjective map with finite fibres

-—n—1

# Ve (f) > F
which moreover commutes with the action of Gal(k/k).

Theorem 0.7. Let k be an infinite field and k an algebraic closure of k. Let f € kl[zy,..., 7]
be a polynomial of degree d > 1. Then there exists a Gal(k/k)-equivariant geometric Noether

—n—1
normalisation map 7: Vin (f) — K"

Example 0.8. Let f(z,y) = y*> — 2% € R[z,y]. Then the map
7 Ver(y? —2®) = C
(z,y) = y.

is a geometric Noether normalisation map and it is Galois-invariant:

71-((‘Ta y)) = W(T, y) =y= 7T'(.Z’, y)'

Exercise 1. Show that if y € R, the group Gal(C/R) acts on 7~!({y}), and that the fixed point
set of that action is in bijection with {z € R | y? — 23 = 0}.

Next, we want to generalise the results above beyond the case of hypersurfaces.

Theorem 0.9. Assume k is algebraically closed. Let V' C k™ be an algebraic set. Then there
ezists a natural number r < n and a morphism of algebraic sets

p: V= k"
such that p is surjective and has finite fibres.

Sketch of proof. f V. = k™, we take r = n and p = idg~. Otherwise V = V(I) with I C
klx1,...,2n] a non-zero ideal. Take f € I\ {0}. Then there exists a geometric Noether
normalisation

p1: V(f) — kn_l.
One can now show that V; := p1(V) is an algebraic set in k" ~'. Thus there are two cases:
(1) p1(V) = k"L Thus p1|v: V — k"~ ! is surjective with finite fibres and we are done.

(2) p1(V) € k"1, In this case p1 (V) = V(I1) with I; C k[z1,...,2,_1] a non-zero ideal. So
we can repeat the argument.

After r < n steps, the above algorithm terminates, and this happens precisely when V. = k™~ ".
If we set
p=pro...op: V> k"""

then p is surjective with finite fibres because p(V)) = V,. = k"~ " and each p; has finite fibres. 0O

Remark 0.10. By the fact used in the proof of 0.9, p is in fact a closed map. Note that when
r=n, V =p 1({0}) is actually finite, in which case dim V should indeed be 0.
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