Lemma 0.1. The category of affine varieties admits products.

Proof. Let (X,0x), (Y,Oy) be affine varieties. Choose embeddings X C k™ and Y C kP for
some n and p. Then X x Y C k"*P is an affine variety, endowed with two morphisms of affine
varieties pr;: X x Y — X and pry: X x Y — Y. We will prove that the triple (X x Y, pry, pry)
satisfies the universal property of the product of X and Y.

Let fx: Z — X and fy: Z — Y be morphisms of affine varieties. Then define f =
(fos fy): Z — X x Y. This satisfies pr; o f = fx and pryo f = fy. If we embed Z into
some k™ the components of fx and fy are regular functions from £™ to k™ and kP. Thus the
components of f = (fx, fy) are regular functions k™ — k" %P i.e. f is a morphism. O

Theorem 0.2. The category of algebraic pre-varieties admits products.

Proof. Let (X,Ox), (Y, Oy) algebraic pre-varieties. Let

X:Oxmszn
j=1

i=1
be affine open covers. Then, as a set,

XxY=|JXixY;.

(2]

By 0.1, each X; x Y; has a well-defined structure of affine variety. Moreover, if X C X; and
Y; CY; are open sets, then X; x Y/ is open in X; x Y.

So we can use the identity morphism to glue X;, x Y}, to X;, x Y, along the common open
subset (X;, N X;,) x (Y, NYj},). This defines an algebraic prevariety P whose underlying set is
X x Y. Also, the canonical projections X; x Y; = X; and X; x X; — X glue together to give
morphisms px: X x Y — X and py: X xY —= Y, which coincide with pr; and pr,.

There only remains to prove the universal property. Let f.: Z — X and fy: Z — Y be
morphisms of algebraic prevarieties and set f = (fz, fy): Z — X xY. In particular, pryo f = fx
and pryof = fy as maps between sets. To prove that f is a morphisms of algebraic prevarieties, it
suffices to show that this is locally the case. Z is covered by the open subsets f;(l(Xi) ﬂf;l(Yj),
each of which can be covered by affine open subsets (W,”);<;< (i j)- By construction, f(W,7) C
XixYj. So, by the universal property of the affine variety X; x Y}, the map f|W;:j is a morphism
of affine varieties. O

Definition 0.3 (algebraic variety). Let (X,Ox) be an algebraic pre-variety and X x X the
product in the category of algebraic pre-varieties. If the subset

Ax ={(z,y) e X x X |z =y}

is closed in X x X, then (X,Ox) is said to be an algebraic variety. A morphism of algebraic
varieties f: X — Y is a morphism of the underlying pre-varieties.

Example 0.4 (of a non-seperated algebraic prevariety). We glue two copies X, Xo of k along
the open subsets &k \ {0} using the isomorphism of spaces with functions ¢ — ¢. The resulting
algebraic prevariety is a ,line with two origins”, denoted by 0; and 0,. For this prevariety X, the
diagonal Ax is not closed in X x X.

Indeed, if Ax were closed in X x X, then its pre-image in X; x X5 under the morphism



f:X1 ><X2—>X><Xdeﬁnedby

){1 X X2 i10pry
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where 4;: X; — X is the canonical inclusion of X; into X = (X; U X3)/ ~, would be closed in
Xl X XQ. But

FTHAX) = {(z1,22) € X1 x Xa | i1(21) = ia(x2)}

=1
={(z1,22) € Xi x Xo | z; # 0 and z1 = z2 in k}
={(z,x) ek xk|x#0} Ckxk=X; x X
which is not closed in X7 x Xs. In fact, f~1(Ax) = Ar\ {(0,0)} Ck x k.

Corollary 0.5. Let (X,0x), (Y,Oy) be algebraic varieties, then the product in the category of
algebraic pre-varieties is an algebraic variety. In particular the category of algebraic varieties
admits products.

PTOOf. AxxyﬁAxxAyg(XXX)X(YXY). ]
Proposition 0.6. Affine varieties are algebraic varieties.

Proof. Let X be an affine variety. We choose an embedding X C k™. Then Ax = Ag»N(X x X).
But

Apn = {(2i,Yi)1<i<n € K*" | 7, —y; = 0}

is closed in k2. Therefore, Ax is closed in X x X (note that the prevariety topology of X x X
coincides with its induced topology as a subset of k2" by construction of the product prevariety
X x X). O

Exercise 0.7. Let (X,Ox) be an algebraic pre-variety and let Y C X be a closed subset. For
all open subsets U C Y, we set

Oy(U) = {h: U—k|VzeU3zeUC X open, g € Ox(U) such that lpau = hlUﬁU}‘

(a) Show that this defines a sheaf of regular functions on Y and that (Y, Oy) is an algebraic
prevariety.

(b) Show that the canonical inclusion iy : Y < X is a morphism of algebraic prevarieties and
that if f: Z — X is a morphism of algebraic prevarieties such that f(Z) C Y, then f
induces a morphism f:Y — Z such that iy o f = f.

(¢) Show that, if X is an algebraic variety, then Y is also an algebraic variety.
Recall that kP" is the projectivisation of the k-vector space k" *!:
KP" = P(E"™) (K" 1\ {0}) /&>
Proposition 0.8 (Segre embedding). The k-bilinear map
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(r,y) — Ry



induces an isomorphism of algebraic pre-varieties
(k") x P(k™+1) Lo ¢ € P (ROmD0mD)) — pprmtnem
(Jro: o rxn), [Wo i oot ym]) V> [ToYo &+ - - ToYm &+« : TpYo & -+ & TlYm)

where C is a Zariski-closed subset of kP mTntm,

StENL,US) >

coordinates on kPt and call them Segre coordinates. Then f(kP™ x kP™) is contained in
the projective variety

C=V{zijon — 2kj2a | 0 < i,k <n,0 < j,l <m})
cp (k<n+1)<m+1>)

as can be seen by writing

ToYo : ce L T0Ym
f(xl, ) =
TpYo i .. I TpUm
so that
ZijZkl — ZkjZil = z;?g!/j ﬂflilll =
Jj

The map f is injective because, if z := f([z], [y]) = f([2'], [¢']) then there exists (i, ) such that
2 € Wij = {z € kP"™H"H™ | 255 # 0} so @y = jy); # 0. In particular & = % = XN +0. Since

zf Ty
[ToYo & -t TpYm] = [TOUG ¢ - Ty

means that there exists u # 0 such that, for all (k, 1), zxy; = pa)y;. Taking k =iand ! = j, we get
that =1 and hence, for all k, zyy; = 7.y}, so x = zixgc = Az}. Likewise, for all [, z;y; = x}y;,
J

so y = +y/. As a consequence [zg : ... @) = [zf ... z)]and [yo : ... i ym] = (¥ 1 -t Yl

thus proving that f is injective. Note that we have proven that
I Wy) = Ui x

where U; = {[z] € kP™ | z; # 0} and V; = {[y] € kP™ | y; # 0}.
For simplicity, let us assume that ¢ = j = 0. The open sets Uy, Vy, Wy are affine charts, in
which f is equivalent to

kn % km knm+n+m
(U, 0) > (V15 ey Uy UL, UV« e ey UL Uy« + s Uy U U1 5+ -+ 5 UpUppy )
which is clearly regular. In particular f | Uy x Vj is a morphism of algebraic pre-varieties.

im f = (: Let [2] € ¢. Since the W;; cover kP""+"*™  we can assume without loss of
generality, zgo # 0. Then by definition of ¢, zy; = % for all (k,1). If we set

(ool b)) = ([ 200 s 2] g 2o 2

200 <00 200 200

we have a well defined point ([z], [y]) € Up x Vo C kP™ x kP™, which satisfies f([x],[y]) = [2]-
Thus f~': ¢ — kP" x kP™ is defined and a morphism of algebraic pre-varieties because, in

-1
affine charts W ESNLIN Uo x Vy as above, it is the regular map () ) — ((wio)is (vos)j)- O



Corollary 0.9. Projective varieties are algebraic varieties.

Proof. By 0.7 it suffices to show that kP" is an algebraic variety. Let f: kP™ x kP™ — kP’ +2n
be the Segre embedding. For [z] € kP™:

ToTog : ... T0Tm

f([z], [2]) =

TpTo: ... @ TpTm

Thus f([z],[z])i; = f([z],[z]);i- Let now [z] € ¢ C kPP +2n  where ( is defined in the proof of
0.8, and such that, in Segre coordinates, z;; = z;;. Without loss of generality, we can assume
200 = 1. Set x; = zg; for 1 < j < n. Thus for all (4, j)

f([z], [y])ij = TiTj = 204205 = Zi0205 = Zij200 = Zij,

i.e.
Agpr ~{[2] € ¢ | 2i5 = 23}
which is a projective and thus closed set of kP™ x kP™. O



