Chapter 1

Affine varieties

1.1 Spaces with functions

Definition 1.1. Let k be a field. A space with functions over k is a pair (X, 0,) where X is
a topological space and Ox is a subsheaf of the sheaf of k-valued functions, seen as a sheef of
k-algebras, and satisfying the following condition:

If U C X is an open set and f € Ox(U), then the set

Dy(f) ={zeU| f(z)# 0}
is open in U and the function +: Dy(f) = k, x> 5 belongs to Ox (Du(f)).
Remark 1.2. Concretely, it means that there is for each open set U C X a k-Algebra Ox (U)
of ,regular” functions such that

(i) the restriction of a regular function f: U — k to a sub-open U’ C U is regular on U’.

(i) if f: U — k is a function and (U, )aea is an open cover of U such that f|y, is regular on
U,, then f is regular on U.

(iii) if f is regular on U, the set {f # 0} is open in U and % is regular wherever it is defined.

Remark 1.3. If {0} is closed in k and f: U — k is continuous, then Dy (f) is open in U. So,
this conditions is often automatically met in practice.

Example 1.4. (i) (X,Cx) a topological space endowed with its sheaf of R-valued (or C-
valued) continuous functions, the fields R and C being endowed here with their classical
topology.

(ii) (V,0v) where V = V(Py,...,P,,) is an algebraic subset of k™ (endowed with the Zariski
topology) and, for all U C V open,

O () Uk Vo € Uz € U, open, P,Q € k[x1,...,x,] such that
v(U)=f: U= for e UNU,,Q(z) # 0 and f(z):gg; '

(iii) (M,C59) where M = ¢~1(0) is a non-singular level set of a C*° map ¢: Q — R™ where
2 C RP™™ is an open set (in the usual topology of RP™™) and, for all U C M open, C53(U)
locally smooth maps.

Exercise 1.5. Let (X, Ox) be a space with functions and let U C X be an open subset. Define,
for all U’ C U open,
Ox|U(U/) = Ox(U/).

Then (U, Ox|y) is a space with functions.
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Example 1.6. (i) (V,Oy) an algebraic subset of k", f: V — k a polynomial function, U :=
Dy (f) is open in V and the sheaf of regular functions that we defined on the locally closed
subset Dy (f) = Dy~ (f) NV coincides with the restriction to Dy (f) of the sheaf of regular
functions on V.

(i) B C R™ or C™ an open ball (with respect to the usual topology), equipped with the sheaf
of C* or holomorphic functions.

1.2 Morphisms

Remark 1.7. Note that if f: X — Y is amap and h: U — k is a function defined on a subset
U CY, there is a pullback map f7; taking h: U — k to the function f; == ho f: f~1(U) — k.
This map is a homomorphism of k-algebras. Moreover given a map ¢g: ¥ — Z and a subset
V C Z such that g~ (V) C U, we have, for all h: V — k,

fi(gv(h) = fi(hog) = (hog)o f=ho(gof)=1(g0f)iy(h)

Definition 1.8. Let (X,0x) and (Y,Oy) be two spaces with functions over a field k. A
morphism of spaces with functions between (X, Ox) and (Y, Oy ) is a continuous map f: X — Y
such that, for all open set U C Y, the pullback map f;; takes a regular function on the open set
U CY to a regular function on the open set f~1(U) C X.

Remark 1.9. Then, given open sets U’ C U in Y, we have compatible homomorphisms of
k-algebras:

In other words, we have a morphism of sheaves on Y f*: Oy — f.Ox, where by definition
(f:0x)(U) = Ox (f~H(U)).

Exercise 1.10. Given g: Y — Z, show that (g o f).Ox = ¢.(f«Ox) and that g. is a functor
from sheaves on Y to sheaves on Z.

Remark 1.11. If f: (X,0x) — (Y,0y) and g: (Y,0y) — (Z,0z) are morphisms, so is the
composed map go f: X — Z.

Proposition 1.12. Let (X,0x) and (Y,Oy) be locally closed subsets of an affine space (X C
k™Y C K™) equipped with their respective sheaves of reqular functions. Then a map f: X —»Y
is a morphism of spaces with functions if and only if f = (f1,..., fm) with each fi: X — k a
reqular function on X.

Proof. The proof that if each of the f;’s is a regular function, then f is a morphism is similar
to point (i) of the previous example: it holds because the pullback of a regular function (in
particular, the pullback of a polynomial) by a regular function is a regular function, and because
an equation of the form h(z) = 0 for h a regular function is locally equivalent to a polynomial
equation P(z) = 0.

Conversely, if f: X — Y C k™ is a morphism, then the pullback of the i-th projection
pi: K™ — k is a regular function on X. Since f*p; = f;, the proposition is proved. O

Remark 1.13. In the proof of the previous proposition, we used that if the (f;: X — k)1<i<m
are regular functions on the locally closed subset X C k™, then the map

f: X —=>Km

is continuous on X. This is because the pre-image of f~(V) of an algebraic subset V =
V(Py,...,P) C k™ is the intersection of X with the zero set

W:V(Plofa"'7p’r‘of)gkn
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which is indeed an algebraic set, because P; o f is a regular function so the equation P; o f =0
is equivalent to a polynomial equation.

Beware, however, that if the (f;)i1<i<m are only continuous maps, then W is no longer an
algebraic set, so we would need another argument in order to prove the continuity of f. Typically,
in general topology, we say that f: X — k™ is continuous because its components (f1,..., fm)
are continuous. This argument is valid when the topology used on k™ is the product topology
of the topologies on k. However, this does not hold in general for the Zariski topology, which is
strictly larger than the product topology when £k is infinite.

Example 1.14. (i) The projection map

Vie(y —2?) = k
(z,y) = x

is a morphism of spaces with functions, because it is a regular function on V2 (y — 22). It
is actually an isomorphism, whose inverse is the morphism

k— V(y — 2?)

x> (z,2%).
Note that V2 (y — 2?) is the graph of the polynomial function x — z2.
(ii) Let k be an infinite field. The map

k — sz (y2 — 3?3)
t (12,13)

is a morphism and a bijection, but it is not an isomorphism, because its inverse
Vie(y® —2%) = k

o [E @w 00
(’y“{o (,3) = (0,0)

is not a regular map (this is where we use that k is infinite).

(iii) Consider the groups G = GL(n; k), SL(n; k), O(n; k), SO(n; k) etc. as locally closed subsets
in k*° and equip them with their sheaves of regular functions. Then the multiplication
p: GeG — G, (91,92) — g192 and and inversion ¢: G — G, g — g~! are morphisms (here
G x G is viewed as a locally closed subset of k" x kY~ k2"2, equipped with its Zariski
topology), since they are given by regular functions in the coefficients of the matrices.

Such groups will later be called affine algebraic groups.
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