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Chapter 1

Affine varieties

1.1 Spaces with functions

Definition 1.1. Let k be a field. A space with functions over k is a pair (X, 0,) where X is
a topological space and Ox is a subsheaf of the sheaf of k-valued functions, seen as a sheef of
k-algebras, and satisfying the following condition:

If U C X is an open set and f € Ox(U), then the set

Dy(f) ={zeU| f(z)# 0}
is open in U and the function +: Dy(f) = k, x> 5 belongs to Ox (Du(f)).
Remark 1.2. Concretely, it means that there is for each open set U C X a k-Algebra Ox (U)
of ,regular” functions such that

(i) the restriction of a regular function f: U — k to a sub-open U’ C U is regular on U’.

(i) if f: U — k is a function and (U, )aea is an open cover of U such that f|y, is regular on
U,, then f is regular on U.

(iii) if f is regular on U, the set {f # 0} is open in U and % is regular wherever it is defined.

Remark 1.3. If {0} is closed in k and f: U — k is continuous, then Dy (f) is open in U. So,
this conditions is often automatically met in practice.

Example 1.4. (i) (X,Cx) a topological space endowed with its sheaf of R-valued (or C-
valued) continuous functions, the fields R and C being endowed here with their classical
topology.

(ii) (V,0v) where V = V(Py,...,P,,) is an algebraic subset of k™ (endowed with the Zariski
topology) and, for all U C V open,

O () Uk Vo € Uz € U, open, P,Q € k[x1,...,x,] such that
v(U)=f: U= for e UNU,,Q(z) # 0 and f(z):gg; '

(iii) (M,C59) where M = ¢~1(0) is a non-singular level set of a C*° map ¢: Q — R™ where
2 C RP™™ is an open set (in the usual topology of RP™™) and, for all U C M open, C53(U)
locally smooth maps.

Exercise 1.5. Let (X, Ox) be a space with functions and let U C X be an open subset. Define,
for all U’ C U open,
Ox|U(U/) = Ox(U/).

Then (U, Ox|y) is a space with functions.



4 CHAPTER 1. AFFINE VARIETIES

Example 1.6. (i) (V,Oy) an algebraic subset of k", f: V — k a polynomial function, U :=
Dy (f) is open in V and the sheaf of regular functions that we defined on the locally closed
subset Dy (f) = Dy~ (f) NV coincides with the restriction to Dy (f) of the sheaf of regular
functions on V.

(i) B C R™ or C™ an open ball (with respect to the usual topology), equipped with the sheaf
of C* or holomorphic functions.

1.2 Morphisms

Remark 1.7. Note that if f: X — Y is amap and h: U — k is a function defined on a subset
U CY, there is a pullback map f7; taking h: U — k to the function f; == ho f: f~1(U) — k.
This map is a homomorphism of k-algebras. Moreover given a map ¢g: ¥ — Z and a subset
V C Z such that g~ (V) C U, we have, for all h: V — k,

fi(gv(h) = fi(hog) = (hog)o f=ho(gof)=1(g0f)iy(h)

Definition 1.8. Let (X,0x) and (Y,Oy) be two spaces with functions over a field k. A
morphism of spaces with functions between (X, Ox) and (Y, Oy ) is a continuous map f: X — Y
such that, for all open set U C Y, the pullback map f;; takes a regular function on the open set
U CY to a regular function on the open set f~1(U) C X.

Remark 1.9. Then, given open sets U’ C U in Y, we have compatible homomorphisms of
k-algebras:

In other words, we have a morphism of sheaves on Y f*: Oy — f.Ox, where by definition
(f:0x)(U) = Ox (f~H(U)).

Exercise 1.10. Given g: Y — Z, show that (g o f).Ox = ¢.(f«Ox) and that g. is a functor
from sheaves on Y to sheaves on Z.

Remark 1.11. If f: (X,0x) — (Y,0y) and g: (Y,0y) — (Z,0z) are morphisms, so is the
composed map go f: X — Z.

Proposition 1.12. Let (X,0x) and (Y,Oy) be locally closed subsets of an affine space (X C
k™Y C K™) equipped with their respective sheaves of reqular functions. Then a map f: X —»Y
is a morphism of spaces with functions if and only if f = (f1,..., fm) with each fi: X — k a
reqular function on X.

Proof. The proof that if each of the f;’s is a regular function, then f is a morphism is similar
to point (i) of the previous example: it holds because the pullback of a regular function (in
particular, the pullback of a polynomial) by a regular function is a regular function, and because
an equation of the form h(z) = 0 for h a regular function is locally equivalent to a polynomial
equation P(z) = 0.

Conversely, if f: X — Y C k™ is a morphism, then the pullback of the i-th projection
pi: K™ — k is a regular function on X. Since f*p; = f;, the proposition is proved. O

Remark 1.13. In the proof of the previous proposition, we used that if the (f;: X — k)1<i<m
are regular functions on the locally closed subset X C k™, then the map

f: X —=>Km

is continuous on X. This is because the pre-image of f~(V) of an algebraic subset V =
V(Py,...,P) C k™ is the intersection of X with the zero set

W:V(Plofa"'7p’r‘of)gkn
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which is indeed an algebraic set, because P; o f is a regular function so the equation P; o f =0
is equivalent to a polynomial equation.

Beware, however, that if the (f;)i<i<m are only continuous maps, then W is no longer an
algebraic set, so we would need another argument in order to prove the continuity of f. Typically,
in general topology, we say that f: X — k™ is continuous because its components (fi,..., fm)
are continuous. This argument is valid when the topology used on k™ is the product topology
of the topologies on k. However, this does not hold in general for the Zariski topology, which is
strictly larger than the product topology when k is infinite.

Example 1.14. (i) The projection map

Vk,z(y — 1‘2) -k
(z,y) >z

is a morphism of spaces with functions, because it is a regular function on V2 (y — z2). It
is actually an isomorphism, whose inverse is the morphism

kE— V(y—2?)

T+ (x,2?).
Note that Vj2(y — 22) is the graph of the polynomial function x — 2.
(ii) Let k be an infinite field. The map

kE— Vi (y* —2%)
t (12,13)

is a morphism and a bijection, but it is not an isomorphism, because its inverse

Vie(y® —2%) = k

(z,9) H{

is not a regular map (this is where we use that k is infinite).

(2,y) # (0,0
(x,y) = (0’0)

—~
=

O 8l

(iii) Consider the groups G = GL(n; k), SL(n; k), O(n; k), SO(n; k) etc. as locally closed subsets
in k"° and equip them with their sheaves of regular functions. Then the multiplication
p: GeG — G, (g1,92) — g192 and and inversion +: G — G, g — g~! are morphisms (here
G x G is viewed as a locally closed subset of £ x kY~ k2”2, equipped with its Zariski
topology), since they are given by regular functions in the coefficients of the matrices.

Such groups will later be called affine algebraic groups.

1.3 Abstract affine varieties

Recall that an isomorphism of spaces with functions is a morphism f: (X,0x) — (Y, Oy) that
admits an inverse morphism.

Remark 1.15. As we have seen, a bijective morphism is not necessarily an isomorphism.

Remark 1.16. Somewhat more formally, one could also define a morphism of spaces with
functions (over k) to be a pair (f,¢) such that f: X — Y is a continuous map and ¢: Oy —
f+Ox is the morphism of sheaves f*. The question then arises how to define properly the
composition (g,v) o (f, ). The formal answer is (g o f, f.(¢) 0 ¢).
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Definition 1.17. Let k be a field. An (abstract) affine variety over k (also called an affine k-
variety) is a space with functions (X, Ox) over k that is isomorphic to the space with functions
(V,Oy ), where V is an algebraic subset of some affine space k™ and Oy is the sheaf of regular
functions on V.

A morphism of affine k-varieties is a morphism of the underlying spaces with functions.

Example 1.18. (i) An algebraic subset V' C k™, endowed with its sheaf of regular functions
Oy, is an affine variety.

(ii) It is perhaps not obvious at first, but a standard open set Dy (f), where f: V — k is
a regular function on an algebraic set V' C k", defines an affine variety. Indeed, when
equipped with its sheaf of regular functions, Dy (f) ~ Vin+1(tf(x) — 1).

Remark 1.19. Let (X, Ox) be a space with functions. An open subset U C X defines a space
with functions (U, Oy). If (U, Oy ) is isomorphic to some standard open set Dy (f) of an algebraic
set V C k™, we will call U an affine open set.

Then the observation is the following: since an algebraic set V' C k™ is a finite union of
standard open sets, every point = in an affine variety X has an affine open neighbourhood.

Less formally, an affine variety X, locally ,looks like a standard open set Dy (f) C k™, where
V C k™ is an algebraic set. In particular, open subsets of an affine variety also locally look like
standard open sets. In fact, they are finite unions of such sets.

Example 1.20. The algebraic group GL(n; k) is an affine variety over k.

Remark 1.21. An algebraic set (V,Oy) is a subset V' C k™ defined by polynomial equations
and equipped with its sheaf of regular functions. An affine variety (X,Ox) is ,like an algebraic
set’ but without a reference to a particular ,embedding® in affine space. This is similar to having
a finitely generated k-Algebra A without specifying a particular isomorphism

A~k[Xy,..., X,]/I
The next example will illustrate precisely this fact.

Example 1.22. Let us now give an abstract example of an affine variety. We consider a finitely
generated k-algebra A and define X := Homy_a1(A, k). The idea is to think of X as points on
which we can evaluate elements of A, which are thought of as functions on X. For € Homy (A, k)
and f € A we set f(z) = z(f) € k.

e Topology on X: for all ideal I C A, set
Vx(I)={z e X |Vzel: f(x)=0}.

These subsets of X are the closed sets of a topology on X, which we may call the Zariski
topology.

e Regular functions on X: if U C X is open, a function h: U — k is called regular at z € U
if there it exists an open set z € U, and elements P,Q € A such that for y € U, Q(y) # 0

and h(y) = % in k.

The function h is called regular on U iff it is regular at x € U. Regular functions then form
a sheaf of k-algebras on X.

Moreover, if h: U — k is regular on X, the set Dx(h) := {x € X | h(x) # 0} is open in X

and the function 7 is regular on Dx (h).

So, we have defined a space with functions (X, Ox), at least whenever X # (). We show that X
is an affine variety.
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Proof. Fix a system of generators of A, i.e.
A= klty, ... tn)/1

where k[tq,...,t,] is a polynomial algebra. We denote by #1,...,%, the images of ¢1,...,t, in A
and we define

p: X = Homy (A, k) — k"
Let P € I and x € X. Then

P(¢(a) = P(a(f), ... a(f)) = «(P) = 0.

Thus ¢(x) € Vin(I). Conversely let a = (a1,...,a,) € Vin(I), then we can define a morphism
of k-algebras
To: A= Al(t —ay,... t, —ay) =k

which satisfies x,(¢;) = a; for all 4. So (a1,...,a,) = @(x,) € im .
In particular, we have defined a map
P: Vin(I) - X = Homy (A, k)
av> T,
such that ¢ o4 =1Idy,, (). In fact, we also have ¥ o ¢ = Idx.

It remains to check that ¢ and 9 are morphisms of spaces with functions, which follows from
the definition of the topology and the notion of regular function on X. O

The elements of X := Homy (A, k) are also called the characters of the k-algebra A, and this
is sometimes denoted by A := Homy_ai5(A, k). Note that A is a k-subalgebra of the algebra of
all functions f: A — k.

The character z, introduced above and associated to an alemenet a € A is then denoted
by a and called the Gelfand transform of a. The Gelfand transformation is the morphism of
k-algebras

A— A

a > a.
Exercise 1.23. Let A be a finitely generated k-algebra and let X = Homy._a14(A, k). Show that
the map x — ker x induces a bijection

X~{meSpmA|A/m~k}.

Remark 1.24. Note that we have not assumed A to be reduced and that, if we set Areq =
A/+/(0), then A,eq is reduced and Aeq = A, because a maximal ideal of A necessarily contains

4/(0) and the quotient field is ,the same®.

Remark 1.25. Let (X,Ox) be an affine variety. One can associate the k-algebra Ox(X) of
globally defined regular functions on X:

Ox(X)={f: X = k| f regular on X}.

Moreover, if ¢: (X,0x) — (Y,Oy) is a morphism between two affine varieties, we have a k-
algebra homomorphism

QD*: Oy(Y) — Ox(X)
f=Ffop

Also, (idx)* = ido (x) and (¢ o ¢)* = ¢* o 9™ whenever ¥: (Y,0y) — (Z,0z) is a morphism
of affine varieties. In other words, we have defined a (contravariant) functor k-Aff — k-Alg.
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Proposition 1.26. Let k be a field. The functor
k-Aff — k-Alg
(X, Ox) — Ox(X)
is fully faithful.

Proof. Since X and Y are affine, we may assume X =V C k" and Y = W C k™. Then
w: V. — W is given by m regular functions (¢1,...,¢m,) on V. On k™, let us denote by y; the
projection to the i-th factor. Its restriction to W is a regular function

that satisfies ©*(y;|w) = @;.
Since for all regular functions f: W — k one has

¢*f:f0@:f(9017~~,80m),

we see that the morphism

QD*: Ow(W) — Ov(V)
is entirely determined by the m regular functions *(y;|w) = @; on V. In particular, if p* = ¢*,
then ¢; = o*(yilw) = ¥*(vi|lw) = ¥i, so ¢ = 1, which proves that ¢ — ©* is injective.
Surjectivity: Let h: Ow (W) — Oy (V) be a morphism of k-algebras. Let
o= (hyrlw), -, h(ymlw))

which is a morphism from V to k™, because its components are regular functions on V. It
satisfies " (yilw) = p: = h(yilw), so ©* = h.

It remains to show, that ¢(V) C W. Let W = V(P,..., P,) with P; € k[Y1,...,Y;,]. Then
forall je{l,....,r}andz €V

Pi(p(x)) = Pi(h(yrlw), - - - h(ymlw)) (@).
Since h is a morphism of k-algebras and P; is a polynomial, we have
Pi(h(yilw), - - h(ymlw)) = h(Pi(yrlw), - - -, B (ymlw))-

But P; € Z(W), so
Pi(yilws - ymlw) = Pi(y1, - ym)|lw =0,
which proves that for x € V, p(z) € W. O

1.4 Geometric Noether normalisation

Consider a plane algebraic curve C, defined by the equation f(z,y) = 0. If we fix © = a, then the
polynomial equation f(a,y) = 0 has only finitely many solutions (at most deg, f). This means
that the map

C=V(f) = k(z,y) —zx

has finite fibres. A priori, such a map is not surjective, e.g. for f(x,y) = zy — 1. If k is
algebraically closed, one can always find such a surjective projection.

Theorem 1.27. Let k be an algebraically closed field and f € k[x1,...,x,] be a polynomial of
degree d > 1. Then there is a morphism of affine varieties

7 Vien (f) — k"1

such that:



1.4. GEOMETRIC NOETHER NORMALISATION 9

(i) ™ is surjective
(i) fort € k"1, the fibre 7= ({t}) C V(f) consists of at most d points.
Proof. Let f € k[z1,...,2,] be of degree d. We construct a change of variables of the form

(x; = i+ a;Tn)1<i<n—1 and z,, — x,, such that the term of degree d of f(z1+a12y,...,Tn_1+
An—1Tn, Ty) becomes cxd with ¢ € k*. Since

F@r+ a1+ ana@n, ) = > ey (1 a1@n) e (1 ano1@,) "l
(41 --yin ) ENP
the coefficient of z¢ in the above equation is obtained by considering all (iy,...,%,) such that

i1 + ...+ 14, = d, and keeping only the term in x,J when expanding (z; + a;x,)%, so we get
Z Qi @1 0
(i1seeeyin) ENiy +.Hin=d

which is equal to fq(ai,...,an—1,1), where f; is the (homogeneous) degree d part of f.
Claim: There exist a1,...,a,-1 € k such that fy(a1,...,an-1,1) # 0. Proof of claim by
induction: if n = 1, fg = caf for some ¢ # 0, so f4(1) = ¢ # 0. If n > 2, we can write

d
fd(xl, e ,xn) = Z hi(IQ, e ,.Tn)iL‘71
i=0
where h; € k[xa,...,x,] is homogeneous of degree d—i. Since f; # 0, there is at least one i such
that h;, # 0. By induction, we can find (ag,...,a,_1) € k"2 such that h;, (az,...,a,_1,1) # 0.
But then f(-,as,...,an-1,1) € k[z1] is a non zero polynomial, so it has only finitely many roots.
As k is infinite, there exists a1 € k, such that f(a1,...,an-1,1) #0.

Then
. ri—xtar, 1<i1<n-—1
v Ty > T
is a invertible linear transformation k™ — k™, such that

(Foo™ ), vyn) =W+ g1(y1, - yn)ye  + 4 ga(Ys - Yn—1)

for ¢ # 0. This induces an isomorphism of affine varieties

V(f) = V(fop™)

z = o(z)
such that
V(f) —F= k" =k""t x k
|
kn—l
defines the morphism 7 with the desired properties. Indeed: Let (z1,...,z,) € k™ and set

yi = @(x;). Then
(x1,...,2n) € V(f) iff 2, =y, is a root of the polynomial

d
> gyt
j=1

Therefore for all t = (y1,...,yn—1) € k"1, 77 1({t}) # 0 (because k = k) and 7~ '({t}) has at
most d points. O
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Definition 1.28. Let f € k[zy,...,2,] be a polynomial of degree d. As in the proof of 1.27,
ther exists a linear coordinate transformation ¢: k™ — k™, such that f o o= Y(yi,...,yn) =
cyd + ijl 9 (Y1, Yn—1)yd=I. For a point € 71 (y1,...,yn—1) C V(f), the multiplicity of
x is the multiplicity of y,, as a root of that polynomial.

A point with multiplicity > 2 are called ramification point and its image lies in the discriminant
locus of 7.

With this vocabulary, we can refine the statement of 1.27.

Definition 1.29 (Geometric Noether normalisation). Assume k = k. If f € k[zy,...,,] is
polynomial of degree d, a morphism of affine varieties

7 Vi (f) = k"1
such that
(i) = is surjective

(i) fort € k"~!, the number of elements in 71 ({¢}), counted with their respective multiplicities,
is exactly d,

is called a geometric Noether normalisation.

Corollary 1.30 (Geometric Noether normalisation for hypersurfaces). Let k be an algebraically
closed field and f € klx1,...,z,] be a polynomial of degree d > 1. Then there exists a geometric
Noether normalisation.

Example 1.31. Let f(z,y) = y*> — 2® € C[z,y]. Then the map
Vea(y* — a%) = Cla, ) =y

is a geometric Noether normalisation, but (z,y) — « is not (the fibres of the latter have degree
2, while deg f = 3).

Remark 1.32. In the proof of 1.27, to construct ¢ and the g;, we only used that k is infinte.
Thus the statement, that for all f € k[zq,...,x,] there exists a linear automorphism ¢: k™ — k™
such that

d
f°<P_1(3117~-~a3/n):C yi+zgj(y17"'ayn—l)yg_J
j=1

is valid over k if k is infinite. The resulting map
7 Vi (f) — k"1

still has finite fibres, but it is no longer surjective in general, as the example f(z,y) = 2% +y? —1
shows.
However, it induces a surjective map with finite fibres

-—n—1

T Ve (f) = k
which moreover commutes with the action of Gal(k/k).

Theorem 1.33. Let k be an infinite field and k an algebraic closure of k. Let f € k[xy, ..., xy]
be a polynomial of degree d > 1. Then there exists a Gal(k/k)-equivariant geometric Noether

. —n—1
normalisation map 7: Ve (f) — k"
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Example 1.34. Let f(z,y) = y?> — 2> € R[z,y]. Then the map

7 Ve (y? —2®) = C
(z,y) =y

is a geometric Noether normalisation map and it is Galois-invariant:

m((z,y)) = 7(T,¥) =7 = 7(2,y).

Exercise 1.35. Show that if y € R, the group Gal(C/R) acts on 7—1({y}), and that the fixed
point set of that action is in bijection with {z € R | y*> — 23 = 0}.

Next, we want to generalise the results above beyond the case of hypersurfaces.

Theorem 1.36. Assume k is algebraically closed. Let V' C k™ be an algebraic set. Then there
erists a natural number r < n and a morphism of algebraic sets

p:V—=>k"
such that p is surjective and has finite fibres.

Sketch of proof. If V. = k™, we take r = n and p = idg». Otherwise V = V(I) with I C
klx1,...,2,] a non-zero ideal. Take f € I\ {0}. Then there exists a geometric Noether
normalisation

p1: V(f) — k"L

One can now show that V; := p;(V) is an algebraic set in k"', Thus there are two cases:
(1) p1(V) = k"L Thus pi|y: V — k"~ ! is surjective with finite fibres and we are done.

(2) p1(V) € k"L In this case py(V) = V(I1) with I; C k[z1,...,7,_1] a non-zero ideal. So
we can repeat the argument.

After r < n steps, the above algorithm terminates, and this happens precisely when V. = k™"
If we set
p=mp,o...op: V k"""

then p is surjective with finite fibres because p(V)) = V,. = k"~ " and each p; has finite fibres. 0O

Remark 1.37. By the fact used in the proof of 1.36, p is in fact a closed map. Note that when
r=n, V =p~1({0}) is actually finite, in which case dim V should indeed be 0.

1.5 Gluing spaces with functions

We present a general technique to construct spaces with functions by ,patching together” other
spaces with functions ,along open subsets“. This will later be used to argue that, in order to
define a structure of variety on a topological sapce (or even a set), it suffices to give one atlas.

Theorem 1.38 (Gluing theorem). Let (X;, Ox,)icr be a family of spaces with functions. For
all pair (i,7), assume that the following has been given

(a) an open subset X;; C X,
(b) an isomorphism of spaces with functions

vjit (Xi5,0x,;) = (Xji,O0x;,)

subject to the following compatibility conditions
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(1) fOT’ all ’i, Xii = Xl and Yii = Z.dXi
(2) for all pair (i,7), pij = w;il
(3) fOT’ all triple (i,j, k), (P]z(sz n X”) = Xjk n in and Pkj © Pji = Pki OT Xie N Xzy

Then there exists a space with functions (X, Ox) equipped with a family of open sets (U;)icr
and isomorphisms of spaces with functions

(A-Z) Pi: (Uivox Ui) - (XiaOXi)a
such that \J;c; Ui = X and, for all pair (i, j),
(BQ) Q07(U1 n UJ) = X,;j, and

(C3) pjop; "t =wji on Xyj.
Such a familiy (U;, p;)ier is called an atlas for (X,0x).

Moreover, if (Y,Qy) is a space with functions equipped with an atlas (V;,1;)ics satisfying
conditions (A1), (A2) and (A3), then the isomorphisms ¢, 'op;: U; — V; induce an isomorphism
(X, Ox) — (Y—7 Oy)

Proof. Uniqueness up to canonical isomorphism: Let (U;, p;)ier and (V,1;);er be two atlases
modelled on the same gluing data, then for all pair (4, j),

-1 _ -1 -1 A
Y op; vinv; Y o(pjop; ) opi

UriﬂUj
=Pji
=5t o (Y 0 o
J N——— U,iﬂUj
=®Pji
—1
= . O .
Y, "o o

so there is a well-defined map

f:X:UUi—>UV;:Y
el el
(x eU;) — (z/fl opi(z) €V;)

K2

which induces an isomorphism of spaces with functions.

Existence: Define X := |l;c; Xi and let the topology be the final topology with respect to the
canonical maps (X; — X);e;. Then define X == X/ ~ where (i,2) ~ (j,y) in X if 2 = ¢;;(y).
Conditions (1), (2) and (3) show that ~ is reflexive, symmetric and transitive. We equip X with
the quotient topology and denote by

p: XX
the canonical continuous projection. Let U; := p(X;). Since p~1(U;) = |_|j€I Xj; is open in X,
U; is open in X. Moreover, | J,c; U; = X, so we have an open covering of X. We put p; := p|x,
and we define a sheaf on X by setting

Ox(U)={f:U—k|Viel, fop € Ox,(p;"(U))}

for all open sets U C X. This defines a sheaf on X, with respect to which (X,Ox) is a space
with functions. Finally, p;: X; — U; is a homeomorphism and, by construction Oy, ~ (p;).Ox,
via pullback by p;. We have thus constructed a space with functions (X, Oy ), equipped with an
open covering (U;);er and local charts

@i =p; " (Ui, Ox

u,) — (X;,0x,).

It remains to check that ¢;(U; NU;) = X;; and ¢; o cp{l = j; on X;j, but this follows from the

construction of X = |_| X;/ ~ and the definition of the ¢;’s as p|;<i. O
iel
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Example 1.39. Take £ = R or C equipped with either the Zariski or the usual topology.
Consider the spaces with functions X; = k, X5 = k and the open sets X152 = k\ {0} C X; and
X21 =k \ {O} - X2. Finally, set

w211 X12 = Xo1
1
t— —.
t
Since this is an isomorphism of spaces with functions, we can glue X; and X, along X1o = X0
P21

and define a space with functions (X, Ox) with an atlas modelled on (X7, X5, p21). We will now
identify this space X with the projective line kP'. By definition, the latter is the set of 1-
dimensional vector subspaces (lines) of k2:

kPt = (k2 \ {0})/k*.

Then, we have a covering U; U Uy = kP!, where Uy = {[z1 : 22] | #1 # 0} and Uy = {[z1 : 22] |
x9 # 0}, and we can define charts

Y1 U1 —N—>k'
[z1 : 22] — xa/2y
[1:w]+—w

and p5: Us — k likewise. Then, on the intersection
U1 ﬂUQ = {[.’L‘l Zl‘g] |.T1 750,.%2 750}

we have a commutative diagram
Ui NU;

%,

X1$>X2

with ¢;(U; NUs) open in X;. In view of the gluing theorem, we can use this to set up a bijection
kP! — X where X = (X; U X3)/ ~,,, and define a topology and a sheaf of regular functions
on kP! via this identification. Note that this was done without putting a topology on kP': the
latter is obtained using the bijection kP! — X constructed above. We now spell out the notion
of regular functions thus obtained on kP!.

Proposition 1.40. With the identification
EP' = X1 U Xy/ ~

constructed above, a function f: U — k defined on an open subset U C kP! is an element of
Ox (U) if and only if, for each local chart p;: U; — k, the function

is reqular on the open set ¢;(U; NU) C k.

Definition 1.41. Let & be a field. An algebraic k-prevariety is a space with functions (X, Ox)
such that

(i) X is quasi-compact.

(ii) (X,Ox) is locally isomorphic to an affine variety.
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Remark 1.42. Saying that (X, Ox) is locally isomorphic to an affine variety means that for
xr € X, it exists an open neighbourhood = € U such that (U, Ox|y) is isomorphic to an open
subset of an affine variety. Since such an open set is a union of principal open sets, which are
themselves affine, one can equivalently ask that (U, Oy) be affine. Thus:

Proposition 1.43. A space with functions (X,Ox) is an algebraic prevariety, if and only if
there exists a finite open covering

X=U,uU...UU,
such that (U;, Ox|u,) is an affine variety.

Remark 1.44. As a consequence of the gluing theorem, in order to either construct an algebraic
prevariety or put a structure of an algebraic prevariety on a set, it suffices to either define X from
certain gluing data (X, Xi;, vi;) ;) satisfying appropriate compatibility conditions, or find a
covering (U;);er of a set X and local charts ¢;: U; — X; such that X;; = ¢;(U; N Uj;) is open in
X; and ¢; o (pi_l is an isomorphism of spaces with functions.

In practice, X is sometimes given as a topological space, and (U;);cs is an open covering,
with local charts ¢;: U; — X; that are homeomorphisms. So the condition that X;; be open in
X, is automatic in this case and one just has to check that

pj o Lp;ll ij — Xﬂ

induces an isomorphism of spaces with functions. In the present context where X; and X; are
affine varieties, this means a map

Xij - k" — X]'z' - k™
between locally closed subsets of k™ and £™ whose components are regular functions.

Example 1.45 (Projective sets). We have already seen that projective spaces kP™ are algebraic
pre-varieties. Let P € k[zo,...,z,]q be a homogeneous polynomial of degree d > 0. Although
P cannot be evaluated at a point [zg : ... : x,] € kP", the condition P(zg,...,2,) = 0 can be
tested, because for \ € k%,

P(xg,...,2,) =0 <= 0= \P(x0,...,2,) = P(A\xo,..., \Tp).
We use this to define the following projective sets
Vk]pn(Pl,...,Pm) :{[I’o L. IIn] € kP" | Pi(mo,...,l’n) =0 V’L}

for homogeneous polynomials in (xg,...,Zy).

We claim that these projective sets are the clsoed sets of a topology on kPP", called the Zariski
topology. A basis for that topology is provided by the principal open sets Dypr (P) where P is
a homogeneous polynomial. By definition, a regular function on a locally closed subset of kP" is
locally given by the restriction of a ration fraction of the form

P((E(), e ,l’n)

Q(x()a s axn)
where P and () are homogeneous polynomials of the same degree. This defines a sheaf of regular
functions on any given locally closed subset X of kP™.

Proposition 1.46. A Zariski-closed subset X of kP™ equipped with its sheaf of reqular functions,
is an algebraic pre-variety. The same holds for all open subsets U C X.

Proof. Consider the open covering

X:CJXOUi
i=0

:U{[xo:...:xn]EXMi?éO}
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Then the restriction to X N U; of the local chart

p;i: Uy — k"
o T T
x=[zg:...:Tp]—> (,...,,...,)

W=(Wo,...,Wi,..., W)

sends an x such that Py(z) = ... = P,(z) = 0 to a w such that @1(w) = ... = Qum(w) =0
where, for all j,
Q](w) :Pj(w07"'7wi—1a1awi+1a'~-awn)
:Pj(.’L‘O7...,$i,1,l’i,$i+1,...,.’I,‘n>

is the dehomogeneisation of P;. So ¢;(X NU;) = Vin (@1, - .., Qm) = X; is an algebraic subset of
k™, in particular an affine variety. It remains to check that ¢;|x~y, pulls back regular functions on
X; to regular functions on X NU;, and similarly for (¢;|xny,) . But if f and g are polynomials

in (wo,...,Wi,...,Wy),
(w?f>(m):<ﬂﬁ7$ﬂ)

g Zo Tn
T m Y my

which can be rewritten as a quotient of two homogeneous polynomials of the same degree
by multiplying the numerator and denominator by z! with r > max(deg(f),deg(g)). The
computation is similar but easier for (¢;|xnv,)” . O

Definition 1.47. A space with functions (X, Ox) which is isomorphic to a Zariski-closed subset
of kP™ is called a projective k-variety.

Lemma 1.48. The category of affine varieties admits products.

Proof. Let (X,0x), (Y,0Oy) be affine varieties. Choose embeddings X C k™ and Y C kP for
some n and p. Then X x Y C k"™"? is an affine variety, endowed with two morphisms of affine
varieties pr;: X x Y — X and pry: X x Y — Y. We will prove that the triple (X X Y, pry, pry)
satisfies the universal property of the product of X and Y.

Let fx: Z — X and fy: Z — Y be morphisms of affine varieties. Then define f =
(fe, fy): Z — X x Y. This satisfies pr; o f = fx and pryo f = fy. If we embed Z into
some k™ the components of fx and fy are regular functions from & to k™ and kP. Thus the
components of f = (fx, fy) are regular functions k™ — k™ %P i.e. f is a morphism. O

Theorem 1.49. The category of algebraic pre-varieties admits products.
Proof. Let (X,Ox), (Y,Oy) algebraic pre-varieties. Let
i S
X:U&mﬂ:Un
i=1 j=1
be affine open covers. Then, as a set,

X xY=|JXixY;.

.3

By 1.48, each X; x Y; has a well-defined structure of affine variety. Moreover, if X! C X; and
Y/ C Y are open sets, then X x Y/ is open in X; x Y.
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So we can use the identity morphism to glue X;, x Y}, to X;, x Y}, along the common open
subset (X;, N X,;,) x (Y;, NY},). This defines an algebraic prevariety P whose underlying set is
X x Y. Also, the canonical projections X; x Y; — X; and X; x X; — X, glue together to give
morphisms px: X XY — X and py: X xY — Y, which coincide with pr; and pr,.

There only remains to prove the universal property. Let f.: Z — X and fy: Z — Y be
morphisms of algebraic prevarieties and set f = (fs, fy): Z — X x Y. In particular, pryo f = fx
and pryo f = fy as maps between sets. To prove that f is a morphisms of algebraic prevarieties, it
suffices to show that this is locally the case. Z is covered by the open subsets f5'(X;)N fy ' (Y;),
each of which can be covered by affine open subsets (Wlij)lglgq(iyj). By construction, f(VVl”) -
X xYj. So, by the universal property of the affine variety X; x Y}, the map f|Wlij is a morphism
of affine varieties. O

Definition 1.50 (algebraic variety). Let (X, Ox) be an algebraic pre-variety and X x X the
product in the category of algebraic pre-varieties. If the subset

Ax ={(z,y) e X x X |z =y}

is closed in X x X, then (X,Ox) is said to be an algebraic variety. A morphism of algebraic
varieties f: X — Y is a morphism of the underlying pre-varieties.

Example 1.51 (of a non-seperated algebraic prevariety). We glue two copies X1, X2 of k along
the open subsets k \ {0} using the isomorphism of spaces with functions ¢ — ¢. The resulting
algebraic prevariety is a ,line with two origins”, denoted by 0; and 0,. For this prevariety X, the
diagonal Ax is not closed in X x X.

Indeed, if Ax were closed in X x X, then its pre-image in X; X X5 under the morphism
f: X1 x Xo = X x X defined by

Xl X X2 i10pry

120Pry

where i;: X; — X is the canonical inclusion of X; into X = (X; U X5) / ~, would be closed in
X1 X XQ. But

FTHAX) = {(z1,22) € X1 x X | ir(21) = ia(22)}

={(z1,22) € X1 x Xo | z; # 0 and z1 = z2 in k}
={(z,z) €k xk|z#0} Chkxk=X xXo

which is not closed in X; x Xs. In fact, f~1(Ax) = A\ {(0,0)} Ck x k.

Corollary 1.52. Let (X,0x), (Y,Oy) be algebraic varieties, then the product in the category
of algebraic pre-varieties is an algebraic variety. In particular the category of algebraic varieties
admits products.

PT’OOf. AXXyﬁAXxAYg(XXX)X(YXY). O
Proposition 1.53. Affine varieties are algebraic varieties.

Proof. Let X be an affine variety. We choose an embedding X C k™. Then Ax = A N(X x X).
But

Apn = {(2i,¥i)1<i<n € K*" | 7, — y; = 0}
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is closed in k2. Therefore, A is closed in X x X (note that the prevariety topology of X x X
coincides with its induced topology as a subset of k2" by construction of the product prevariety
X x X). O

Exercise 1.54. Let (X, Ox) be an algebraic pre-variety and let Y C X be a closed subset. For
all open subsets U C Y, we set

Oy(U) = {h: U—k|VeeU3zelUC X open, g€ Ox(U) such that ony = h|fmU} .
(a) Show that this defines a sheaf of regular functions on Y and that (Y, Oy) is an algebraic
prevariety.

(b) Show that the canonical inclusion iy : Y < X is a morphism of algebraic prevarieties and
that if f: Z — X is a morphism of algebraic prevarieties such that f(Z) C Y, then f
induces a morphism f: Y — Z such that iy o f = f.

(¢) Show that, if X is an algebraic variety, then Y is also an algebraic variety.
Recall that kP" is the projectivisation of the k-vector space k"*!:
KP™ = P(E™) (6 {0}) /1.
Proposition 1.55 (Segre embedding). The k-bilinear map
L el L g L o p(ne 1) (me )
(@,y) — @y

induces an isomorphism of algebraic pre-varieties

P(kn+1) % P(km+1) _f_> C cpP (k(nJrl)(erl)) — kprmtntm
([wo: oo rxnlyWo i i yml) = [ToYo t -+ - ToYm ¢ -+t TpYo -+t Tl
where C is a Zariski-closed subset of kP™mTntm,

Proof. It is clear that f is well-defined. Let us denote by (z;;)o<i<n,0<j<m the homogeneous
coordinates on kPt and call them Segre coordinates. Then f(kP™ x kP™) is contained in
the projective variety

C=V{zijon — 21j2a |0 < i,k <n,0 < j, 1 <m})
cp (k<n+1)<m+1>)

as can be seen by writing

ToYo : . L ToYm
f([=], [y]) =
TpYo: .- I TpYm
so that
TiY; Tyl
TrY; TrY

RijRkl — ZkjRil =

The map f is injective because, if z == f([z], [y]) = f([z'], [¢']) then there exists (i,5) such that
2 € Wij = {z € kP"™ "+ | 255 # 0} so @y, = 2}y # 0. In particular 2 = z—j = )\ # 0. Since

[ﬂfoyo et mnym] = [956116 e x{nyv/n]
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means that there exists u # 0 such that, for all (k, 1), TRy = payy;. Taking k = iand [ = j, we get

that = 1 and hence, for all k, zy; = 7.y}, so v = z—Jx;c = Az}, Likewise, for all [, z,y; = z}y;,
J

0y = 1y, As a consequence [zg : ...: @) =[xy ... )] and [yo : ... i ym] = [Wh -t Yl

thus proving that f is injective. Note that we have proven that

I Wy) = Ui x

where U; = {[z] € kP™ | z; # 0} and V; = {[y] € kP™ | y; # 0}.
For simplicity, let us assume that ¢ = j = 0. The open sets Uy, Vj, Wy are affine charts, in
which f is equivalent to

kn % km knm+n+m
(U,’U) — (U17 <oy Um, UL, ULVL, - oo, UL Uy, - o U, Un UL, - - 7Unvm)
which is clearly regular. In particular f | Uy x V4 is a morphism of algebraic pre-varieties.

im f = (: Let [2] € ¢. Since the W;; cover kP"" "™ we can assume without loss of
generality, zgo # 0. Then by definition of ¢, zy; = % for all (k,1). If we set

([xo;...;xn],[yoz...:ymD:({11210*-*%}’[1:201“":ZOMD

200 200 200 200

we have a well defined point ([z], [y]) € Uy x Vp C kP™ x kP™, which satisfies f([z], [y]) = [2].
Thus f~': ¢ = kP x kP™ is defined and a morphism of algebraic pre-varieties because, in
-1
affine charts W) % Uo x Vy as above, it is the regular map (ui;) () — ((wio)is (vos);). O
Corollary 1.56. Projective varieties are algebraic varieties.

Proof. By 1.54 it suffices to show that kP is an algebraic variety. Let f: kP" x kPm — kPn’+2n
be the Segre embedding. For [z] € kP™:

ToTog : .- T0Tm

f([z], [2]) =

TpTo: .. :TpTm

Thus f([z],[z])i; = f([z],[z]);i- Let now [z] € { C kP27 where ¢ is defined in the proof of
1.55, and such that, in Segre coordinates, z;; = z;;. Without loss of generality, we can assume
200 = 1. Set x; = zg; for 1 < j < n. Thus for all (4, j)
fUal Wh)ig = @i = 201207 = 20205 = 2ijZ00 = Zij)
ie.
Appr = {[2] € ¢ | zi5 = 25}
which is a projective and thus closed set of kP™ x kP™. O
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1.6

Examples of algebraic varieties

Exercise 1.57. Let f: X — Y be a morphism of algebraic pre-varieties. Assume

(i)
(i)

Y is a variety.

There exists an open covering (Y;);er of Y such that the open subset f~1(Y;) is a variety.

Show that X is a variety.

Exercise 1.58. Let X be a topological space. Assume that there exists a covering (X;);er of
X by irreducible open subsets such that for all (4, j), (X; N X;) # 0. Show that X is irreducible.

1.6.1 Grassmann varieties

Let 0 < p < n be integers. The Grassmannian Gr(p,n) is the set of p-dimensional linear
subspaces of k™. In order to endow this set with a structure of algebraic prevariety, there are
various possibilities:

(i)

(iii)

To a p-dimensional linear subspace E C k", we associate the line APE C APE™ ~ k(Z),

which defines a point in the projective space kIP’(;)_l.

Claim: The map Gr(p,n) — kIP’(:)_l is an injective map whose image is a Zariski-closed
subset of kP(3) =1,

This identifies Gr(n, p) canonically to a projective variety. In particular one obtains in this
way a structure of algebraic variety on Gr(p,n).

For the second approach, recall that GL(n, k) acts transitively on Gr(p,n). But the
identification of k™ to (k™)* via the canonical basis of k™ enables one to define, for all
E € Gr(p,n), a canonical complement £+ € Gr(n—p, n), i.e. an (n— p)-dimensional linear
subspace such that E @ E+ = k™.

So the stabiliser of E € Gr(p,n) for the action of GL(n, k) is conjugate to the subgroup

(A B
9=\o c
with A € GL(p, k), B € Mat(p x (n — p), k),
and C € GL(n — p, k)

P(p,n) = { g € GL(n, k)

This shows that the Grassmannian Gr(p,n) is a homogeneous space under GL(n, k) and
that

Gr(p,n) ~ GL(n,k)/P(p,n)

which is useful if one knows that, given an affine algebraic group G and a closed subgroup
H, the homogeneous space G/H is an algebraic variety. We will come back to this later
on.

The third uses the gluing theorem. In particular, it also constructs a standard atlas on
Gr(p,n), like the one we had on kP"~! = Gr(1,n). The idea is that, in order to determine
a p-dimensional subspace of k™, it suffices to give a basis of that subspace, which is a family
of p vectors in k™. Geometrically, this means that the subspace in question is seen as the
graph of a linear map A: kP — k™.

Take E € Gr(p,n) and let (v1,...,v,) be a basis of E over k. Let M be the (n x p)-matrix
representing the coordinates of (v1,...,v,) in the canonical basis of k™. Since M has rank
p, there exists a (p x p)-submatrix of M with non-zero determinant: We set

J = {indices j; < ... < j, of the rows of that submatrix}

M j = the submatrix in question.
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Note that if M’ € Mat(n x p, k) corresponds to a basis (v1,...,v,), there exists a matrix

g € GL(p, k) such that M’ = Mg. But then (M'); = (Mg); = Mg, so
det (M"); = det (M;g) = det(M )det(g),

which is non-zero if and only if det(M;) is non-zero. As a consequence, given a subset
J C{1,...,n} of cardinal p, there is a well-defined subset

Gy ={F € G(p,n)|3IM € Mat(n x p,k), E =im M and det(My) # 0}.

Moreover, if M satisfies the conditions E = im M and det(M;) # 0, then (MM '); =1,
and im(MM;l) =1im M = E. In fact, if E € G, there is a unique matrix N € Mat(n x
p, k), such that F =im N and N; = I, for if N7, Ny are two such matrices, the columns
of Ny are linear combinations of those of Ny, thus g € GL(p, k) such that Ny = N1g. But
then

I, = (N2); = (N1g)s = (N1)sg = g.
So, there is a well-defined map
(ﬁ‘] : GJ — HOHl(k‘J, kn)
E +—— N such that £ =im N and N; = I,
whose image can be identified to the subspace Hom(k”, k”’ C), where J€ is the complement
of Jin {1,...,n}, via the map N ~— Nj.. Conversely, a linear map A € Hom(k”’, k’")

determines a rank p map N € Hom(k”, k") such that N; = I, via the formula N(z) =
r + Ax.

Geometrically, this means that the p-dimensional subspace im N C k" is equal to the graph
of A. This also means that we can think of G as the set

{EeGr(p,n) | ENE’ = {04n}}.

The point is that im ¢; = Hom(k”, k”’°) can be canonically identified with the affine space
kP("=P) and that we have a bijection
¢s: Gy = Hom(k” k7°) ~ kp(n—P)
Er— Algr(A)=F
gr(A) «— A.
Note that the matrix N € Mat(n xp, k) such that im N = E and N = I, is row-equivalent

to ({Z{) with A € Mat((n — p) X p, k).

Now, if E € G5, N G,, then, for all M € Mat(p x n, k) such that im M = E, ¢, (F) =
MM " and ¢, (E) = MM . So

im L15J1 = {N (S HOm(kjlakn) | NJ1 = Ipvim NJl = E and det(sz) 7& O}
= {N €im ¢, | det(Ny,) # 0}

which is open in im ¢, ~im ¢,.

Moreover, for all N € im ¢,
1,087, (N) = NN !

and, by Cramer’s formulae, this is a regular function on im ¢,.
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We have therefore constructed a covering

G- U G
JC{1,....n}, #J=p

of the Grassmannian Gr(p,n) by subsets G that can be identified to the affine variety
kP("=P) via bijective maps ¢;: G; — kP("7P) such that, for all (Jy,J2), ¢5, (Gs, NGy,) is
open in kP("~P) and the map ¢, mp}ll 0 (G, NG y,) = w1,(Gy, NG y,) is a morphism of
affine varieties. By the gluing theorem, this endows Gr(p,n) with a structure of algebraic
prevariety.

1.6.2 Vector bundles

Definition 1.59. A wvector bundle is a triple (E, X, w) consisting of two algebraic varieties F
and X, and a morphism 7w: £ — X such that

(i) for z € X, 7~ ({z}) is a k-vector space.

(ii) for z € X, there exists an open neighbourhood U of x and an isomorphism of algebraic
varieties
o: 7N U) = U x 7 ({z})

such that
a) pry o ® = 7|-1yy and
1 U)

(b) for y € U, ®|-1¢gyy: 7 *({y}) = {y} x #~*({2}) is an isomorphism of k-vector
spaces.

A morphism of vector bundles is a morphism of algebraic varieties f: E; — E5 such that myo f =
w1 and f is k-linear in the fibres.

Remark 1.60. In practice, one often proves that a variety E is a vector bundle over X by
finding a morphism 7: £ — X and an open covering

x=Ju
i€l
such that E|y, == 7~ 1(U;) is isomorphic to U; x k™ for some integer n;, in such a way that, on

U; NUj, the morphism

®;0 ‘I)Z._l : (Ul N UJ) x k™ —s (Ul N UJ) x k™

@ (=1 (UsNU;))

is an isomorphism of algebraic varieties such that the following diagram commutes and ®; o ®;*
is linear fibrewise:

PR

(UiﬂUj) x ki (UZﬁUJ) x k"

pTry
pry

U, NU;

In particular k™ ~ k™ as k-vector spaces, so n; = n; if U; NU; # 0, and ®; o ®; " is necessarily
of the form
(x,0) — (2, gji(x) - v)
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for some morphism of algebraic varieties
gji: UiNU; — GL(n, k).
These maps (9i5)(i,j)erxs then satisfy for x € U; N U; N U,
915 () gji(x) = gui(x)
and for z € U;, gi:(x) =1,,.

Proposition 1.61. If 7: E — X is a morphism of algebraic varieties and X has an open
covering (U;)ier over which E admits local trivialisations

D, EUi :W_I(Ui) i>[]z x k™

with pry o ®; = |- (y,) such that the isomorphisms
;0® " (U;NU;) x k™ — (U; NU;) x k™

are linear in the fibres, then for all v € X, 7= *({x}) has a well-defined structure of k-vector

space and the local trivialisations (®;);cr are linear in the fibres. In particular, E is a vector
bundle.

Proof. For x € U; and a,b € m—*({z}), let
a+ Ab = ;" (z,pry(®i(a)) + Apry(2;(D))).

By using the linearity in the fibres of ®; o @~ 1. one verifies that this does not depend on the
choice of 7 € I. O

Remark 1.62. Assume given an algebraic prevariety X obtained by gluing affine varieties
(X;)ier along isomorphisms ¢j;: X, = Xj; defined on open subsets X;; C X;, such that
Xii = Xi; @i = Idx, and @5 0 ¢j; = ¢y on X5 N Xy € X;.

Recall that such an X comes equipped with a canonical map p: | |;c; — X such that p; ==
plx,: X; — X is an isomorphism onto an affine open subset U; = p;(X;) C X and, if we set
@i =p; ', we have p; 0 ;' = ;i on i (U; N U;).

Let us now consider the vector bundle X; x £™ on each of the affine varieties X; and assume
that an isomorphism of algebraic prevarieties of the form

(I)jii Xij x k" — in x k"
(2,0) — (gji(), hji(z) - v)

has been given, where h;;: X;; — GL(n, k) is a morphism of algebraic varieties, in such a way
that the following compatibility conditions are satisfied:

@i = Idx,; xkn
and, for all (,7,1) and all (z,v) € (X;; N Xy) x k"
(I)lj o (I)ji(:E, ’l)) = q)li(.’ﬂ, U).

Then there is associated to this gluing data an algebraic vector bundle 7: £ — X, endowed with
local trivialisations ®;: E|y, =5 U; x k™, where as earlier U; = p(X;) € X, in such a way that,
for all (4,7) and all (§,v) € (U; NU;) x k",

®jo 0 (80) = (& 95(6) - v)
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where g;;(z) = hj;(i(€)) € GL(n, k), so g;; = I,, on U;, and, for all (4, j, 1) and all £ € U;NU,;NU;,
915(8)95i(&) = hu;(0;(§))hji(i(€))
= hu;(5i(@i(§))) hji(@i(£))
= hii(i(§))
= qii(§).
Indeed, we can simply set
E = <|_|XZ- xk">/~
il
where (z,v) ~ (@;i(x), hj;(x)-v), and, by the gluing theorem, this defines an algebraic prevariety,

equipped with a morphism 7: E — X induced by the first projection pry: [ ],c;(X; x k") —
|l;c; Xi- The canonical map p: | |,c;(X; x k™) — E makes the following diagram commute

Lier(Xi < k™) —

E
N
X

p
|—|i€I Xi ’

and it induces an isomorphism of prevarieties

Pl xhn s Xi X K" = Elpyxy =7 Hp(X3))

such that mop|x, xxn = p|x, opr;. Since p|x, is an isomorphism between X; and the open subset
U; = p(X;) C X with inverse ¢;, the isomorphism p|x, «x» induces a local trivialisation
D;: E|U,i — U; X k"
w — (m(w),v)
where v is defined as above by p(z,v) = w. Note that p(x) = w(w) in this case, and that
m ({m(w)}) ~ k™ via ®| ;-1 ({x(w)})- As the isomorphism of algebraic prevarieties
q)joq);12 (Uszj) x k" — (UZQUJ) x k™

thus defined is clearly linear fibrewise, we have indeed constructed in this way a vector bundle
m: F — X, at least in the category of algebraic prevarieties.

Note that if the prevariety X obtained via the gluing of the X is a variety, then we can show
that F is actually a variety (because the product variety U; x k™ is separated). The rest of the
verifications, in particular the fact that for all (¢,v) € U;NU; x k™

®; 0071 (Ev) = (& hyi(9i(€)) - v)
is left to the reader.

Exercise 1.63. Consider the set
E = {(p,v) € kP x kP? | v € p}

and the canonical map 7: E — kP'.
Show that E is a vector bundle on kP! and compute its ,cocycle of transition functions® g
on the standard atlas (Up, U;) of kP! with

p10: K\ {0} — &\ {0}
L
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