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0.1 Examples of algebraic varieties

Exercise 0.1. Let f : X → Y be a morphism of algebraic pre-varieties. Assume

(i) Y is a variety.

(ii) There exists an open covering (Yi)i∈I of Y such that the open subset f−1(Yi) is a variety.

Show that X is a variety.

Exercise 0.2. Let X be a topological space. Assume that there exists a covering (Xi)i∈I of X
by irreducible open subsets such that for all (i, j), (Xi ∩Xj) ̸= ∅. Show that X is irreducible.

0.1.1 Grassmann varieties

Let 0 ≤ p ≤ n be integers. The Grassmannian Gr(p, n) is the set of p-dimensional linear
subspaces of kn. In order to endow this set with a structure of algebraic prevariety, there are
various possibilities:

(i) To a p-dimensional linear subspace E ⊆ kn, we associate the line ΛpE ⊆ Λpkn ≃ k(
n
p),

which de�nes a point in the projective space kP(
n
p)−1.

Claim: The map Gr(p, n) → kP(
n
p)−1 is an injective map whose image is a Zariski-closed

subset of kP(
n
p)−1.

This identi�es Gr(n, p) canonically to a projective variety. In particular one obtains in this
way a structure of algebraic variety on Gr(p, n).

(ii) For the second approach, recall that GL(n, k) acts transitively on Gr(p, n). But the
identi�cation of kn to (kn)∗ via the canonical basis of kn enables one to de�ne, for all
E ∈ Gr(p, n), a canonical complement E⊥ ∈ Gr(n−p, n), i.e. an (n−p)-dimensional linear
subspace such that E ⊕ E⊥ = kn.

So the stabiliser of E ∈ Gr(p, n) for the action of GL(n, k) is conjugate to the subgroup

P(p, n) :=

g ∈ GL(n, k)

∣∣∣∣∣∣∣∣
g =

(
A B
0 C

)
with A ∈ GL(p, k), B ∈ Mat(p× (n− p), k),
and C ∈ GL(n− p, k)

 .

This shows that the Grassmannian Gr(p, n) is a homogeneous space under GL(n, k) and
that

Gr(p, n) ≃ GL(n, k)/P(p, n)

which is useful if one knows that, given an a�ne algebraic group G and a closed subgroup
H, the homogeneous space G/H is an algebraic variety. We will come back to this later
on.

(iii) The third uses the gluing theorem. In particular, it also constructs a standard atlas on
Gr(p, n), like the one we had on kPn−1 = Gr(1, n). The idea is that, in order to determine
a p-dimensional subspace of kn, it su�ces to give a basis of that subspace, which is a family
of p vectors in kn. Geometrically, this means that the subspace in question is seen as the
graph of a linear map A : kp → kn.

Take E ∈ Gr(p, n) and let (v1, . . . , vp) be a basis of E over k. Let M be the (n× p)-matrix
representing the coordinates of (v1, . . . , vp) in the canonical basis of kn. Since M has rank
p, there exists a (p× p)-submatrix of M with non-zero determinant: We set

J := {indices j1 < . . . < jp of the rows of that submatrix}
MJ := the submatrix in question.



2

Note that if M ′ ∈ Mat(n × p, k) corresponds to a basis (v′1, . . . , v
′
p), there exists a matrix

g ∈ GL(p, k) such that M ′ = Mg. But then (M ′)J = (Mg)J = MJg, so

det (M ′)J = det (MJg) = det(MJ)det(g),

which is non-zero if and only if det(MJ) is non-zero. As a consequence, given a subset
J ⊆ {1, . . . , n} of cardinal p, there is a well-de�ned subset

GJ := {E ∈ G(p, n) | ∃M ∈ Mat(n× p, k), E = im M and det(MJ) ̸= 0} .

Moreover, if M satis�es the conditions E = im M and det(MJ) ̸= 0, then (MM−1
J )J = Ip

and im(MM−1
J ) = im M = E. In fact, if E ∈ GJ , there is a unique matrix N ∈ Mat(n×

p, k), such that E = im N and NJ = Ip, for if N1, N2 are two such matrices, the columns
of N2 are linear combinations of those of N1, thus ∃g ∈ GL(p, k) such that N2 = N1g. But
then

Ip = (N2)J = (N1g)J = (N1)Jg = g.

So, there is a well-de�ned map

φ̂J : GJ −→ Hom(kJ , kn)

E 7−→ N such that E = im N and NJ = Ip

whose image can be identi�ed to the subspace Hom(kJ , kJ
c

), where Jc is the complement
of J in {1, . . . , n}, via the map N 7→ NJc . Conversely, a linear map A ∈ Hom(kJ , kJ

c

)
determines a rank p map N ∈ Hom(kJ , kn) such that NJ = Ip via the formula N(x) =
x+Ax.

Geometrically, this means that the p-dimensional subspace im N ⊆ kn is equal to the graph
of A. This also means that we can think of GJ as the set

{E ∈ Gr(p, n) | E ∩ kJ
c

= {0kn}}.

The point is that im φ̂J = Hom(kJ , kJ
c

) can be canonically identi�ed with the a�ne space
kp(n−p) and that we have a bijection

φJ : GJ
≃−−→ Hom(kJ , kJ

c

) ≃ kp(n−p)

E 7−→ A | gr(A) = E

gr(A)←− [ A.

Note that the matrix N ∈ Mat(n×p, k) such that im N = E and NJ = Ip is row-equivalent

to

(
Ip
A

)
with A ∈ Mat((n− p)× p, k).

Now, if E ∈ GJ1
∩ GJ2

, then, for all M ∈ Mat(p × n, k) such that im M = E, φ̂J1
(E) =

MM−1
J1

and φ̂J2
(E) = MM−1

J2
. So

im φ̂J1
=
{
N ∈ Hom(kJ1 , kn) | NJ1

= Ip, im NJ1
= E and det(NJ2

) ̸= 0
}

= {N ∈ im φ̂J1
| det(NJ2

) ̸= 0}

which is open in im φ̂J1
≃ im φJ1

.

Moreover, for all N ∈ im φ̂J1
,

φ̂J2
◦ φ̂−1

J1
(N) = NN−1

J2

and, by Cramer's formulae, this is a regular function on im φ̂J1 .
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We have therefore constructed a covering

Gr(p, n) =
⋃

J⊆{1,...,n},#J=p

GJ

of the Grassmannian Gr(p, n) by subsets GJ that can be identi�ed to the a�ne variety
kp(n−p) via bijective maps φJ : Gj → kp(n−p) such that, for all (J1, J2), φJ1(GJ1 ∩GJ2) is
open in kp(n−p) and the map φJ2

◦φ−1
J1

: φJ1
(GJ1

∩GJ2
)→ φJ2

(GJ1
∩GJ2

) is a morphism of
a�ne varieties. By the gluing theorem, this endows Gr(p, n) with a structure of algebraic
prevariety.

0.1.2 Vector bundles

De�nition 0.3. A vector bundle is a triple (E,X, π) consisting of two algebraic varieties E and
X, and a morphism π : E → X such that

(i) for x ∈ X, π−1({x}) is a k-vector space.

(ii) for x ∈ X, there exists an open neighbourhood U of x and an isomorphism of algebraic
varieties

Φ: π−1(U)
≃−−→ U × π−1({x})

such that

(a) pr1 ◦ Φ = π|π−1(U) and

(b) for y ∈ U , Φ|π−1({y}) : π
−1({y}) → {y} × π−1({x}) is an isomorphism of k-vector

spaces.

A morphism of vector bundles is a morphism of algebraic varieties f : E1 → E2 such that π2◦f =
π1 and f is k-linear in the �bres.

Remark 0.4. In practice, one often proves that a variety E is a vector bundle over X by �nding
a morphism π : E → X and an open covering

X =
⋃
i∈I

Ui

such that E|Ui
:= π−1(Ui) is isomorphic to Ui × kni for some integer ni, in such a way that, on

Ui ∩ Uj , the morphism

Φj ◦ Φ−1
i

∣∣∣
Φi(π−1(Ui∩Uj))

: (Ui ∩ Uj)× kni −→ (Ui ∩ Uj)× knj

is an isomorphism of algebraic varieties such that the following diagram commutes and Φj ◦Φ−1
i

is linear �brewise:

(Ui ∩ Uj)× kni (Ui ∩ Uj)× knj

Ui ∩ Uj

pr1

Φj◦Φ−1
i

pr1 .

In particular kni ≃ knj as k-vector spaces, so ni = nj if Ui ∩Uj ̸= ∅, and Φj ◦Φ−1
i is necessarily

of the form

(x, v) 7−→ (x, gji(x) · v)
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for some morphism of algebraic varieties

gji : Ui ∩ Uj −→ GL(n, k).

These maps (gij)(i,j)∈I×I then satisfy for x ∈ Ui ∩ Uj ∩ Ul

glj(x)gji(x) = gli(x)

and for x ∈ Ui, gii(x) = In.

Proposition 0.5. If π : E → X is a morphism of algebraic varieties and X has an open covering

(Ui)i∈I over which E admits local trivialisations

Φi : E|Ui
= π−1(Ui)

≃−−→ Ui × kn

with pr1 ◦ Φi = π|π−1(Ui) such that the isomorphisms

Φj ◦ Φ−1
i : (Ui ∩ Uj)× kn −→ (Ui ∩ Uj)× kn

are linear in the �bres, then for all x ∈ X, π−1({x}) has a well-de�ned structure of k-vector
space and the local trivialisations (Φi)i∈I are linear in the �bres. In particular, E is a vector

bundle.

Proof. For x ∈ Ui and a, b ∈ π−1({x}), let

a+ λb := Φ−1
i (x, pr2(Φi(a)) + λpr2(Φi(b))).

By using the linearity in the �bres of Φj ◦ Φ−1
i , one veri�es that this does not depend on the

choice of i ∈ I.

Remark 0.6. Assume given an algebraic prevariety X obtained by gluing a�ne varieties (Xi)i∈I

along isomorphisms φji : Xij
≃−→ Xji de�ned on open subsets Xij ⊆ Xi, such that Xii = Xi,

φii = IdXi
and φlj ◦ φji = φli on Xij ∩Xil ⊆ Xi.

Recall that such an X comes equipped with a canonical map p :
⊔

i∈I → X such that pi :=
p|Xi : Xi → X is an isomorphism onto an a�ne open subset Ui := pi(Xi) ⊆ X and, if we set
φi = p−1

i , we have φj ◦ φ−1
i = φji on φi(Ui ∩ Uj).

Let us now consider the vector bundle Xi × kn on each of the a�ne varieties Xi and assume
that an isomorphism of algebraic prevarieties of the form

Φji : Xij × kn −→ Xji × kn

(x, v) 7−→ (φji(x), hji(x) · v)

has been given, where hij : Xij → GL(n, k) is a morphism of algebraic varieties, in such a way
that the following compatibility conditions are satis�ed:

Φii = IdXii×kn

and, for all (i, j, l) and all (x, v) ∈ (Xij ∩Xil)× kn

Φlj ◦ Φji(x, v) = Φli(x, v).

Then there is associated to this gluing data an algebraic vector bundle π : E → X, endowed with

local trivialisations Φi : E|Ui

≃−→ Ui × kn, where as earlier Ui = p(Xi) ⊆ X, in such a way that,
for all (i, j) and all (ξ, v) ∈ (Ui ∩ Uj)× kn,

Φj ◦ Φ−1
i (ξ, v) = (ξ, gji(ξ) · v)
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where gji(x) = hji(φi(ξ)) ∈ GL(n, k), so gii = In on Ui, and, for all (i, j, l) and all ξ ∈ Ui∩Uj∩Ul,

glj(ξ)gji(ξ) = hlj(φj(ξ))hji(φi(ξ))

= hlj(φji(φi(ξ)))hji(φi(ξ))

= hli(φi(ξ))

= gli(ξ).

Indeed, we can simply set

E :=

(⊔
i∈I

Xi × kn

)
/ ∼

where (x, v) ∼ (φji(x), hji(x)·v), and, by the gluing theorem, this de�nes an algebraic prevariety,
equipped with a morphism π : E → X induced by the �rst projection pr1 :

⊔
i∈I(Xi × kn) →⊔

i∈I Xi. The canonical map p̂ :
⊔

i∈I(Xi × kn)→ E makes the following diagram commute⊔
i∈I(Xi × kn) E

⊔
i∈I Xi X

pr1

p̂

π

p

and it induces an isomorphism of prevarieties

p̂|Xi×kn : Xi × kn
≃−→ E|p(Xi) = π−1(p(Xi))

such that π ◦ p̂|Xi×kn = p|Xi
◦pr1. Since p|Xi

is an isomorphism between Xi and the open subset
Ui = p(Xi) ⊆ X with inverse φi, the isomorphism p̂|Xi×kn induces a local trivialisation

Φi : E|Ui
−→ Ui × kn

w 7−→ (π(w), v)

where v is de�ned as above by p̂(x, v) = w. Note that p(x) = π(w) in this case, and that
π−1({π(w)}) ≃ kn via Φ|π−1({π(w)}). As the isomorphism of algebraic prevarieties

Φj ◦ Φ−1
i : (Ui ∩ Uj)× kn −→ (Ui ∩ Uj)× kn

thus de�ned is clearly linear �brewise, we have indeed constructed in this way a vector bundle
π : E → X, at least in the category of algebraic prevarieties.

Note that if the prevariety X obtained via the gluing of the Xi is a variety, then we can show
that E is actually a variety (because the product variety Ui × kn is separated). The rest of the
veri�cations, in particular the fact that for all (ξ, v) ∈ Ui ∩ Uj × kn

Φj ◦ Φ−1
i (ξ, v) = (ξ, hji(φi(ξ)) · v)

is left to the reader.

Exercise 0.7. Consider the set

E := {(ρ, v) ∈ kP1 × kP2 | v ∈ ρ}

and the canonical map π : E → kP1.
Show that E is a vector bundle on kP1 and compute its �cocycle of transition functions� g10

on the standard atlas (U0, U1) of kP1 with

φ10 : k \ {0} −→ k \ {0}

t 7−→ 1

t
.
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